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Abstract
The main objective of this thesis is to provide a better understanding of non-
Hermitian, PT -symmetric Quantum Field Theories. In particular we focus on a
non-Hermitian extension of the scalar sector of the Standard Model.
Firstly, we consider a non-Hermitian Lagrangian that consists out of two com-
plex scalar fields. We discuss a consistent manner to define the equations of motion
and we reexamine the relation between transformations and conserved currents.
Because of the non-Hermitian behaviour of our system the relation between con-
served currents and symmetries, known as the Noether’s theorem, no longer holds.
We later discuss spontaneous symmetry breaking of our scalar model and show that
the Goldstone theorem still applies for our non-Hermitian scalar model. We show
that the Goldstone theorem relies on the existence of a conserved current, whose
transformation breaks the vacuum. As discussed before, this transformation will
not be a symmetry of our system. Additionally, we show how the conventional
quantisation of the path integral formulation should be extended consistently for
PT -symmetric, non-Hermitian systems.
Secondly, we include an Abelian gauge field into our theory. Ensuring Gauge
invariance is nontrivial for this model. We dicuss the problems that occur and pro-
pose a method to build a consistent theory. We then discuss a non-Hermitian exten-
sion to the Englerd-Brout-Higgs mechanism for mass generating of the gauge field.
Finally, we also include non-Abelian SU(2) gauge fields and naturally end up with
a non-Hermitian two-Higgs-doublet model extension to the Standard Model. We
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then compare its mass spectrum to that of a Hermitian two-Higgs-doublet model.
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Hamiltonian Ĥ = p̂2  x̂4, where we allow for complex continua-
tions of the paths x̂ = x1 + ix2. The turning points for this system
t1, t2, t3 and t4 are shown by the red dots in the plot. The red lines
are the paths that originate from the turning points. The other paths
orbit around the two turning points t1 and t2 or the turning points t3
and t4. Remark that none of the paths intersect. . . . . . . . . . . . 39
3.1 We plot the component of the left and right eigenvectors for the
different eigenvectors. We see that when µ2 = 0, the components
are (1,0) and (0,1). When µ2 ! |m
2
1 m22|
2 , we can see that a
(1)
± =
b (1)± for both right eigenvectors so that they become parallel. In this
limit, the right eigenvectors become equal to each other and the left
eigenvectos become negative towards each other. . . . . . . . . . . 47
List of Figures 11
6.1 The excluded regions for the parameter µ4, corresponding to the
constraints I, II and III, plotted as functions of m22/m
2
1. Region
I corresponds to the symmetric phase of the U(1)⇥ SU(1) sym-
metry [see equation (6.74)]. Region II corresponds to the broken
phase of PT symmetry [see equation (6.75)] in which M2 is neg-
ative. Region III corresponds to the broken phase of PT sym-
metry in which M2h and M
2
H are complex [see equation (6.76)].
The unshaded region corresponds to a physical SSB phase for the
U(1)⇥ SU(2) symmetry. For m22/m21 < 1/3, the allowed region is





region is determined by conditions I and III. Lastly, in the region
m22 > 3m
2
1, the allowed region is determined only by condition III.
At the point A, all the conditions become equivalent. . . . . . . . . 117
6.2 The masses of the physical scalar bosons as functions of tanh2 b
in different parameter regions. Unphysical parameter regions are
shaded grey. The upper left panel shows the region where m21 >












lower right panel shows the region where m22 > 3m
2
1. . . . . . . . . 123
6.3 The masses of the charged and neutral gauge bosons as functions
of tanh2 b in the same parameter regions as in Fig. 6.2. Unphysical
parameter regions are shaded grey. . . . . . . . . . . . . . . . . . . 124
6.4 The masses of the scalar fields in the Hermitian two-Higgs-doublet
model as functions of tan2 b in the parameter ranges 2m21 > m22 (left
panel) and 2m21 < m
2
2 (right panel). . . . . . . . . . . . . . . . . . . 127
Chapter 1
Introduction
One of the most tested and studied theories in particle physics is the Standard
Model of physics. This model has had many successes since its conception. The
most famous being the prediction of the Higgs particle which has been experimen-
tally verified in 2012. Other achievements include the prediction of the W± and
Z bosons, their masses and also the anomalous magnetic dipole moment of the
electron. Despite these remarkable predictions, we know that the Standard Model
can not be our final theory of nature. It fails at providing a consistent description of
gravity or explaining neutrino oscillation. Because of this, many people have been
looking at different possible extensions to the Standard Model. One such possible
extension is the multi-Higgs doublet model. In this work, we construct and study a
non-Hermitian two-Higgs-doublet model.
As is the case for most theories, the Standard Model does assume Hermicity
for all its fundamental operators. Recently, however, there has been a growing
interest in Quantum models that possesses non-Hermitian Hamiltonians but are
instead PT -symmetric. In works such as [2–7], such models have been shown to
possess real energies that are bounded below as long as they possess an unbroken
PT -symmetry. Such models can be seen as non-trivial extensions of traditional
Quantum Mechanics into the complex plane [2, 8, 9]. These theories might seem
only useful as a mathematical curiosity but have led to some interesting experi-
mental results. This area of physics has proven to be very fruitful in experiments
13
concerning optics as discussed in [10–15]. Other models have also led to inter-
esting research in the field of photonics [16–20], superconducting wires [21, 22]
and PT -symmetric electronic circuits [23]. Most of these experiments exploit
the behaviour of coupled gain and losses, which is present in all unbroken PT -
symmetric theories.
There have also been extensive studies done into non-Hermitian Quantum Mechan-
ical systems [24–32]. The work [33] describes the possibility of a smooth transition
between Hermitian and PT -symmetric phases in Quantum Mechanics. The non-
trivial relation between symmetries and conserved currents are commented on in
works such as [34] and the Von Neumann entropy for non-Hermitian Quantum
systems is discussed in [35].
For non-Hermitian Quantum Field Theories there have been studies done for
a model with imaginary interaction potentials [36], including models with an if 3
scalar interaction [37–42]. It was shown in [43] that this still is a meaningful ef-
fective potential despite being unbounded from below. This was also shown for a
PT -symmetric model with  f 4 interaction, featuring asymptotic freedom [44].
A PT -symmetric fermionic model, with non-Hermitian mass term µyg5y was
considered in [45]. This model has been studied further in [46], where it is shown
that a conserved current can be defined, with a corresponding density of probability
for left- and right-handed components depending on the ratio µ/m. In the critical
limit, one of these two components disappears from the spectrum, and the non-
Hermitian features of the model allow us to suppress one chirality continuously.
A similar result is found in [47], where a non-Hermitian lattice fermionic system
exhibits non-equal numbers of right- and left-handed fermions. This non-Hermitian
model can be used to provide an alternative description to neutrino masses [48–50]
or dark matter [51]. Non-Hermitian extensions to Quantum Field Theory have also
been applied to describe neutrino oscillation [52] and the decay of the Higgs boson
[53]. Effective non-Hermitian Hamiltonians with complex spectra are also known
to play a role in the description of unstable systems with particle mixing [54].
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In this work, we study a non-Hermitian scalar Quantum Field Theory. This
might provide a non-Hermitian extension to the Higgs sector in the Standard Model.
The outline of this work is as follows. In Chapter 2, we discuss the role of symme-
tries in Quantum Systems. We discuss both continuous and discrete transformations
and give examples of them. We show how the connection between symmetries and
conserved currents, known as the Noether’s theorem [55], hinges on the Hermicity
of our system. We will discuss later how to deal with this for our non-Hermitian
scalar model. Afterwards, we focus our attention onto a review of non-Hermitian
systems. We show that those systems with an unbroken PT -symmetry can be
physically consistent. These theories have real energies and, given a suitable inner
product, they can have unitary time evolution. Another remarkable feature of such
non-Hermitian models that we will study is the relationship between the left and
right eigenfunctions. We then conclude this chapter with a review of a family of
non-Hermitian Quantum Mechanical models with potential given by V (x) = x̂2 (ix̂).
This family of models has been extensively studied in works such as [1, 2, 4–6, 24].
In Chapter 3, we introduce a non-Hermitian scalar Quantum Field Theory
consisting of two complex scalar fields. For this Lagrangian, we discuss the eigen-
masses and the conditions on the couplings that assure the reality of them. We also
derive the discrete P- and T -transformations for this system. The equations of
motion for this system are not trivial since the standard Euler-Lagrange equations
do not possess dynamical solutions. Instead of the normal variation of the action
with respect to both the fields and their complex conjugates, we should choose only
one of these. It turns out that this choice in equations of motion does not change
the physical observables. However, this deviation from Hermitian theories will
be significant when we revisit the Noether’s theorem. Because the variation with
respect to the fields and the complex conjugate fields cannot both simultaneous be
zero, the normal Noether’s current of a symmetry will in general not be conserved.
We discuss the condition a transformation should meet to have a corresponding
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conserved current. For the second part of this chapter, we review the results we
derived for the scalar model and apply them to the Fermionic model that was dis-
cussed in [45, 46, 49].
In Chapter 4 we discuss the Englert-Brout-Higgs mechanism [56, 57] for mass
generation of the U(1) gauge field. We start this study by discussing the spon-
taneous symmetry breaking and the Goldstone theorem. We formally show that
the existence of the Nambu-Goldstone mode requires the existence of a conserved
current whose transformation will not leave the non-trivial vacuum invariant. As
we discussed before, in non-Hermitian systems, such a transformation will not be
a symmetry. We then calculate the eigenmasses of this system together with their
corresponding left and right eigenmodes. After discussing the Goldstone theorem,
we introduce a U(1) gauge field into our theory and examine how to consistently
describe gauge invariance for our system. To have a transverse polarisation ten-
sor, it turns out that the gauge field should couple to a non-conserved current.
As a consequence of this, one needs to introduce gauge fixing terms in our La-
grangian to obtain consistent Maxwell equations. We are then able to discuss the
Englert-Brout-Higgs mechanism and show that this mechanism still works in a
non-Hermitian setting. Finally, we compare the work that was done in this chapter
with a different interpretation formulated by Mannheim [58]. The author suggests
an alternative approach to the equations of motion using a similarity transformation
instead. With this alternative formulation, the author shows that the Englert-Brout-
Higgs formulation still holds but leads to a different mass for the gauge field.
Next, we are able to discuss path integral quantisation in Chapter 5 for non-
Hermitian, but unbroken PT -symmetric models. As discussed in Chapter 2, our
system possesses a C 0PT -symmetry. This should be reflected in the definition
of our partition function. We show that the partition function should be defined as
a path integral of C 0PT -conjugate fields and that the source terms should also
be related by a C 0PT -transformation. The consistent description of the partition
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function ensures us to do calculations beyond the classical level. We do this by
calculating the one-loop 1PI effective action for our scalar Quantum Field Theory.
For this system, we are then able to show the running of our couplings. From
there, it can be shown that we have a Hermitian fixed point, given that the only
non-Hermitian terms stem from the mass matrix. In Chapter 5, we also show the
consistency of the Goldstone theorem beyond the classical level and calculate the
Goldstone mode at the one-loop level. Lastly, we show the consistency of our
model, proposed in Chapter 4, beyond the one-loop level, by showing the reality of
the U(1) gauge field.
Subsequently, we expand upon our model by including a SU(2) gauge field.
With this in mind, we upgrade the scalar fields to scalar doublets and end up with
a non-Hermitian two-Higgs-doublet model. We start Chapter 6 by reviewing the
BRST transformations and the gauge fixing procedure for non-Abelian gauge fields.
Afterwards, we discuss a Hermitian two-Higgs-doublet model that has been studied
in works such as [59–62]. This enables us to focus our attention towards our non-
Hermitian two-Higgs-doublet model. We first study the scalar sector of this model
and discuss the spectrum before symmetry breaking. Afterwards, we can gauge
this model so that it is invariant under a U(1)⇥SU(2) transformation. As was the
case for the Abelian gauge field, we need to include gauge fixing terms into the
Lagrangian to have consistent equations of motion. This leads to a gauge restriction
of the model that we find explicitly by making use of the BRST symmetry of our
system. This allows us to calculate the scalar spectrum after spontaneous symmetry
breaking around the non-trivial vacuum.
Once we have derived the physical spectrum of our theory it is possible to set
conditions on our parameters to allow or system to be physical. Once these condi-
tions have been derived, we can discuss the critical limits of our theory. Lastly, for
this chapter, we can compare the Hermitian two-Higgs-doublet model we discussed
before with our non-Hermitian two-Higgs-doublet model. Finally, in Chapter 7, we




An interesting method to study physical systems is to examine how such a system
changes under different transformations. This can provide us with a better under-
standing of such systems and their physical implications. For example, a time-
reversal symmetry of a system H(t),
H(t) = H( t) , (2.1)
implies that such a system H(t) can not see the arrow of time. By this, it is meant
that one can not physically distinguish between processes that occur forward or
backwards in time. As another example, we consider a system that describes the
movement of two particles
H(ri,vi) where i 2 {1,2} , (2.2)
where ri,vi are the position and velocity respectively of a particle i. A symmetry of
the form v1$ v2, r1$ r2 implies that one can not physically distinguish between
these two particles.
From these examples, it is clear that the presence of certain symmetries implies
physical properties for our system. Alternatively, when building physical models
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like the Standard Model, one should impose certain symmetries because of the
known physical constraints they entail. For example, if a physical process is as
likely to occur forwards as backwards in time, the mathematical model that should
describe this system should reflect this.
Things are slightly different for Hermitian systems. A system is Hermitian if
H = H† , (2.3)
where the †-operator is the transpose operator combined with complex conjugation.
This symmetry is normally imposed to ensure real energies and unitary time evo-
lution. Reversely, however, it is not the case that unitary time evolution and real
energies can only occur when the system is Hermitian. In fact, it turns out that hav-
ing a different symmetry might also give this. This symmetry is known as unbroken
PT -symmetry.
A transformation that consists of complex conjugating seems to be mathematical in
nature. There is no clear or straightforward interpretation as to how this changes the
state physically. Such an interpretation does however exist for PT -conjugation,
since parity and time are physical properties. This makes studying such systems
particularly interesting.
We start this section by discussing continuous and discrete symmetries. Later on,
we discuss how such unbroken PT -symmetric models should be dealt with. We
will show that the spectrum of such models is real. These systems will also have a
unitary time evolution with respect to a C 0PT -inner product. Lastly, we end this
chapter by discussing a particular family of unbroken PT -symmetric Quantum
Mechanical systems. We show the classical paths for these systems.
2.1 Continuous and Discrete Symmetries
2.1.1 Continuous Transformations
Continuous transformations play an important role in physics. A continuous trans-
formation is a transformation jt that describes a continuous change of a system
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with respect to t. It is defined such that for t = 0, the transformation is equal to the
identity transformation
j0 = id . (2.4)
Consequently, for t infinitely close to 0 one can linearize the transformation as





where the components of A are the generators of this continuous transformation. We
will focus our attention on this region in parameter space where t is infinitely close
to 0. In this infinitesimal region, these transformations form a group. A primary
example of this would be the unitary group of global U(1) transformations acting
on the space Rn and of the form
jU(1)t = eit = In  itIn +O(t2) . (2.6)
The generator of this transformation is the identity matrix I. This group is particular
in that the order in which the transformations are applied does not affect the result.
Such groups are known as Abelian groups and they will in general have commuting
generators {K1,K2, · · · ,KN}.
[Ki,Kj] = 0 , 8i, j 2 {1,2, . . . ,N} . (2.7)
Another example of a group of transformation would be the Lie group consisting of
the proper Lorenz transformations. These are defined as the transformations L2R4
that act on space-time vectors xa = (t,x,y,z)T such that s2 = xagab xb is invariant
and with positive determinant.
s2 = xagab xb = xaLT gab Lxb , |L| =+1 , (2.8)
2.1. Continuous and Discrete Symmetries 20
where gab is the Minkowski metric. These transformations can be writen as
L = eiw
ab Mab , wab 2 R , (2.9)
where wab =  wba and Mab =  Mba . The tensor wab consist out of the 6 pa-
rameters of the transformation and Mab are the 6 generators of the Lorenz transfor-
mations, given by
M01 = K1 =
0
BBBBBB@
0  i 0 0
 i 0 0 0
0 0 0 0
0 0 0 0
1
CCCCCCA
, M23 = S1 =
0
BBBBBB@
0 0 0 0
0 0 0 0
0 0 0  i




M02 = K2 =
0
BBBBBB@
0 0  i 0
0 0 0 0
 i 0 0 0
0 0 0 0
1
CCCCCCA
, M31 = S2 =
0
BBBBBB@
0 0 0 0
0 0 0 i
0 0 0 0
0  i 0 0
1
CCCCCCA
M03 = K3 =
0
BBBBBB@
0 0 0  i
0 0 0 0
0 0 0 0
 i 0 0 0
1
CCCCCCA
, M12 = S3 =
0
BBBBBB@
0 0 0 0
0 0  i 0
0 i 0 0




The Si matrices are the generators responsible for rotations and the Ki matrices
generate boosts. The commutation relations between these generators is given by
the expression
[Mab ,Mgd ] = i
 
 gagMbd +gbgMad  gad Mgb +gbd Mga
 
. (2.11)
Remark that these commutators are in general not zero, and thus the proper Lorenz
transformations form a non-Abelian group.
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2.1.2 Continuous Symmetries
If a continuous transformation leaves a physical system invariant, this transforma-
tion is a continuous symmetry. Let us consider a function f (xa), depending on
the space-time position xa . If this function is invariant under the proper Lorenz
transformations
f (x) = f (Lx) , (2.12)
then the Lorenz transformations are symmetries of the function f (xa). This concept
can be generalized when we consider physical quantities depending on fields fi,
which are in turn themselves dependent on the spacetime coordinates xa . In that
case, we will need to know how both the coordinates xa and the fields fi transform
under transformations. For example, the action of a Quantum Field Theory S[f(x)]
transforms as
S[f(x)]! S0[f(x)] = S[f 0(x0)] . (2.13)
Continuous symmetries play an essential role in physics since in Hermitian systems
there is a known one-to-one correspondance between a continuous symmetry and
a conserved current. This theorem, which was proven in 1918 by Noether [55] is
known as the Noether theorem. The proof of this theorem is straightforward but
does make use of the Euler-Lagrange equations.
Proof. Let jt be a continuous infinitesimal symmetry of the Lagrangian. Under this
transformation the fields fi transform as
jt : fi(xa)! f 0i (x0a) . (2.14)
We use the notation
dfi(xa)⌘ f 0i (xa) fi(xa) (2.15)
dT fi(xa)⌘ f 0i (x0a) fi(xa) . (2.16)
The Lagrangian L is a functional depending on the fields fi(xa) and ∂afi(xa). The
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fact that jt is a continuous symmetry of the Lagrangian is expressed as
dT L = L  L 0 = 0 . (2.17)
The quantities dT fi and dfi are related as
dT fi = f 0i (x0a) fi(xa) = f 0i (x0a) fi(x0a)+fi(x0a) fi(xa) (2.18)
= dfi +∂afidxa ,
since xa and x0a are infinitely close. We can now express equation (2.17) as





















































From this it follows directly that ja = ∂L∂ (∂a fi)dfi +L dx
a is indeed a conserved
current since
∂a ja = 0 . (2.20)







= 0 . (2.21)
We will show later that these equations are no longer all valid when we consider
non-Hermitian Lagrangians. The Noether theorem, as stated here, will thus no
longer hold and we will need to be more careful in finding a correspondance be-
tween conserved currents and transformations.
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2.1.3 Discrete Symmetries
By definition a continuous transformation jt can always be changed in a continuous
manner until we obtain the identity transformation j0 = id. These transformations
are used to describe a continuous perturbation of our system. Remark for example
how the proper Lorenz transformations described a continuous change in the space-
time coördinates x = (t,x,y,z)T . Discrete transformations, as their name suggests,
are instead used to describe a discrete change in our system.
We discuss two important discrete transformations in this section. Firstly, the time
reflection opperation T that acts on the space-time coördinates by changing the
sign of the time coördinate
T : (t,~x)T ! T0 (t,~x)T = ( t,~x)T . (2.22)
Secondly, we have the parity operator P that changes the sign of the spacial coördi-
nates
P : (t,~x)T ! P0 (t,~x)T = (t, ~x)T . (2.23)




 1 0 0 0
0 1 0 0
0 0 1 0






1 0 0 0
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These transformations can be combined to give the PT -transformation that is
given by
PT : x = (t,x,y,z)T ! P0T0 (t,x,y,z) = ( t, x, y, z)T = x . (2.25)
In the previous section we discussed the proper Lorenz transformations. Note
that in equation (2.9) we assumed that the parameters wab are real. If we allow the
space-time coördinates to be complex, one can extend the parameters wab to the
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complex plane
wab 2 C . (2.26)
In this way, the PT -transformation can be obtained from the Lorenz transforma-
tions along the complex plane. One can see this by first considering a boost in the
x-direction with angle ip
Lx(ip) : x! Lx(ip)x = ( t, x,y,z)T , (2.27)
that switches the sign of the t- and x-coördinate. A similar boost along the y-
direction will change the sign of the t- and y-coördinate
Ly(ip) : x! Ly(ip)x = ( t,x, y,z)T , (2.28)
and for such a boost along the z direction, one finds
Lz(ip) : x! Lz(ip)x = ( t,x,y, z)T . (2.29)
The PT -transformation can thus be obtaind by applying these three transforma-
tions after each other
PT : x = (t,x,y,z)T ! Lz(ip)Ly(ip)Lx(ip)x = ( t, x, y, z)T . (2.30)
A more in dept discussion on this can be found in [63]. Both continuous and discrete
symmetries play an important role in the study of Quantum systems. The existence
of continuous symmetries implies the existence of a conserved current know as
the Noether current. The proof of this does however rely on the Lagrangian being
Hermitian. In this will work we will be interested in studying systems that have a
discrete PT -symmetry instead of having a Hermitian symmetry.
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2.2 Non-Hermitian Systems
One of the first conditions that are imposed when studying Quantum systems is Her-
micity. This limits us, from the start, into only considering those operators that are
Hermitian. This restriction ensures that the set of observable energies will be real
and bounded from bellow and that the Quantum system possesses unitary time evo-
lution. This latter condition of unitary time evolution is there so that the expected
result of a measurement of a state will not change over time.
Remark that all of these conditions, except for Hermicity, are physically motivated
restrictions that one can put on a system. Hermicity, however, is a mathematical
condition and does not have a clear physical meaning. It is well known that Her-
micity does provide these other conditions mentioned here, but one can wonder if it
is necessary to have them. In other words, it raises the question of whether a theory
truly needs to be Hermitian to be physical. If the answer to this question were to be
no, the logical next step would be to look at other conditions, preferably physically
motivated ones, that would also ensure these conditions.
This question has been studied extensively in works such as [1–7, 43, 46, 64–66]
where it has been shown that Hermicity can indeed be replaced by the condition of
having unbroken PT -symmetry. In the following sections, we will delve deeper
into what this condition exactly entails.
2.2.1 Unbroken PT -symmetry
A system is said to posses unbroken PT -symmetry if the system is both PT -
symmetric and the eigenstates of the Hamiltonian Ĥ are also eigenstates of the
PT -opperator. In this section we will prove that this condition is indeed sufficient
to have real energies.
The discrete transformations P , T and PT are all involutory transformations
P
2 = T 2 = (PT )2 = id , (2.31)
and commute
[P,T ] = 0 . (2.32)
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From this, one can easily see that the eigenvalues of the PT -transformation must





= lf , with |l |2 = 1 . (2.33)
With this in mind, the proof that the energies of an unbroken PT -symmetric sys-
tem has real energies is straightforward.
Proof. Let f be an eigenstate of the Hamiltonian Ĥ, with energy E,
Ĥf = Ef . (2.34)
Since Ĥ has an unbroken PT -symmetry, f is also an eigenvector of the PT -





= (PT )E (PT )2 f = E⇤lf = lE⇤f , (2.35)
where we used that PT is an anti-linear transformation. Since the PT -operator
is a symmetry of Ĥ, it follows that [PT , Ĥ] = 0. Equation (2.35) should thus also
be equal to
Ĥ (PT )f = Ĥlf = l Ĥf = lEf . (2.36)




f = l (E⇤  E)f = 0 , (2.37)
and thus
E = E⇤ (2.38)
This proof shows that any theory with an unbroken PT -symmetry also has
a real spectrum. However, to have a consistent physical theory, one also needs to
have a unitary time evolution.
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Unitary time evolution ensures that probabilities of measurments stay constant in
time. For Hermitian systems, the state |fi and its conjugate hf | evolves over a time
t as
hf |! hf |e itĤ and | fi ! eitĤ |fi . (2.39)
The probability of measuring such a state is then given by
hf |e itĤeitĤ |fi= hf |fi , (2.40)
and thus independent of the time t. Remark that the relation between the evolution
of the state and conjugate state as defined in equations (2.39) depends on the defi-
nition of the inner product of our Hilbert space. As a consequence, the definition of
unitarity should also depend on this inner product. A non-Hermitian Hamiltonian
will thus in general not be unitary under a Hermitian inner product. In order to have
a unitary time evolution, one needs to be careful when defining a consistent inner
product.
2.2.2 Left and Right Eigenfunction of non-Hermitian Systems
We have shown that unbroken PT -symmetric systems have real energies despite
not being Hermitian. Non-Hermitian systems are different from Hermitian ones in
how the left and right eigenfunctions are related. Because of this, one needs to take
care in defining the inner product to define an orthonormal basis. We can show this






A , with a,b,c 2 R . (2.41)






















= A . (2.42)
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These eigevalues are real as long as
|a b|
2
  c . (2.45)
Within this region, the system is in the unbroken PT -symmetric phase and the
eigenvalues are all real. Unlike a Hermitian system, this matrix has left and right
























where e±A,L are the left eigenvectors and e
±
A,R are the right eigenvectors. The factors
N±L and N
±
R are suitable normalization constants that we will fix later. Remark how
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• e±A,L · e
⌥
A,R = 0.
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A natural choice for a suitable inner product, that would lead to a consistent theory,
could thus be the PT -inner product of the form





A l . (2.47)
Under such an inner product, we can fix the normalization constants N±L and N
±
R as



















 1 x < 0











A,R = ±q (a b) . (2.50)
Even though this inner product seems a very straightforward and elegant generali-
sation of the inner product used in Hermitian theories, it is still not sufficient to have
a physical theory. Under the PT -inner product, eigenvectors belonging to differ-
ent eigenvalues are orthogonal, but the norms of these eigenvectors are not always
positive.
This inner product is however useful in that it highlights another, previously hid-
den symmetry of these systems. Under the PT -inner product, half the eigenstates
do have a positive norm while the other half possesses a negative norm. One can













A |2PT > 0
 e±A,L if |e
±
A |2PT < 0 .
(2.51)
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This allows us to define a physcially consistent inner product of the form
hsC 0PT |li= C 0PT (s)T · l , (2.52)
for which the eigenvectors of Ĥ form an orthonormal basis. The normalizations
as described in (2.48) are still sufficient for this inner product. Remark also that
under such a inner product one still is asured a unitary time evolution since Ĥ is
also C 0PT symmetric
hl|liC 0PT ! hl|e itĤeitĤ |liC 0PT = hl|liC 0PT . (2.53)
It turns out that the unbroken PT -symmetric systems can indeed describe a phys-
ical theory. The unbroken PT -symmetric nature of our theory ensures us that all
the energies of our system are real. Unitary time evolution is also ensured given
that we equip out theory with a C 0PT -inner product. The construction of this in-
ner product highlights another hidden symmetry in these unbroken PT -symmetric
systems. This symmetry is called C 0. Remark, however, that this transformation is
different from the charge conjugation transformation that we are familiar with in
Quantum Field Theory. This C 0-opperator is discussed in [1, 65].
2.3 Non-Hermitian Quantum Mechanical Systems
2.3.1 Non-Hermitian Model and Spectrum
In the previous section, we discussed how the condition of Hermicity can be re-
placed by unbroken PT -symmetry. Non-Hermitian Quantum Mechanical system
have been extensively been studied in works such as [1, 2, 24–28, 32, 67]. In this
section, we will show how this happens for a specific Quantum Mechanical system.
Later, in Chapter 3, we will discuss in detail how this translates to a Quantum Field
Theory. For now, we focus our attention on a family of systems described by the
Hamiltonians Ĥ = p̂2 + x̂2 (ix̂)e , with e 2 R. This particular system has been dis-
cussed in works such as [1, 2, 4–6, 24].
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Consider the set of Hamiltonians of the form
Ĥ = p̂2 + x̂2 (ix̂)e with e 2 R . (2.54)
For general values of e , these Lagrangians are not Hermitian. They are however














The problem of finding the energies of these systems can be reduced into solving
the eigenvalue problem
Ĥf (x) = f 00(x)+ x2 (ix)e f (x) = Ef (x) . (2.56)
The energies of this equation can be found nummerically. These are given in figure
2.1. This plot highlights three different regions as a function of e . Firstly for the
region e <  1, there are no real energies for which a solution of (2.56) exists. All
the energies are complex and appear in complex conjugate pairs. Secondly, in the
region  1 < e < 0, there are a finite amount of real energies and an infinite amount
of complex conjugate solutions. These complex energies appear again in complex
conjugate pairs. The amount of real energy solutions increases when e increases.
When  1 e  0.57793, the only real energy level is the groundstate energy. As
e ! 1+ the groundstate energy diverges to +•.
The last region, e   0, is where all the energies of our system are real. This is
the region of unbroken PT -symmetry. We see that the energy levels rise with
increasing e . The lower bound of the region, e = 0, corresponds to the Hermitian
harmonic oscillator, whose energy levels are given by En = (2n+1).
2.3.2 Asymptotic Behaviour
The problem of solving the eigenvalue equation (2.56) is more complex then one
would expect from the Hermitian case. Remember that when solving an eigenvalue
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Figure 2.1: The energy levels of the Hamiltonian H = p̂2 + x̂2 (ix̂)e with respect to e . The
plot shows three regions in parameter space. Firstly, when e <  1, no val-
ues are plotted since no real energies exist. Secondly, when  1 < e < 0 the
system has a finite amount of real energies. When e ! 1+ the groundstate
energies diverge. In this region, the groundstate energy decreases with increas-
ing e . When 0 < e the spectrum is entirely real and positive and the ground
state energies rise with increasing e . This figure has been taken from the work
from Carl M. Bender, Making Sense of Non-Hermitian Hamiltonians, Reports
on Progress in Physics 70 nr.6, (2007): 947-1018. [1]. Reprint with permis-
sion from author. ©IOP Publishing. Reproduced with permission. All rights
reserved
problem of the form
Ĥf = Ef , (2.57)
in the Hermitian case, one needs to fix the boundary such that f(x)! 0 as |x|! •
along the real axis. For an eigenvalue problem of the form (2.56) the same boundary
conditions can only hold as long as  1 < e < 2. For arbitrary values of e this is
however not the case. In order to describe meaningful boundrary conditions, we
will need to extend the eigenvalue problem (2.56) into the complex plane. The
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WKB approximation can then be used to fix the boundary conditions and later to



































when r! • , (2.60)
where x = reiq . One can thus see that f(x) only decreases exponentially fast to 0 in










































These regions of convergence are plotted in figure 2.2. On this graph the wedges
wherein the convergence f(x)! 0 for |x|! • holds are shown by the grey region.
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Figure 2.2: The plot shows the wedges in the complex-x plane wherein f(x)! 0 when
|x|!+• for a system with e = 2.2. Along the black straight line this conver-
gence happens exponentially fast. The red line is a path along which we can
integrate the field f(x).
The boundary of these regions is shown by the black dashed lines. Within this these
wedges, convergence along the full black line will be exponentially fast.
2.3.3 Classical Path of the System
The classical equations of motion for a Hamiltonian of the form of equation (2.54)










∂x = i(2+ e)(ix)
1+e ,
(2.64)
from which we find that
d2x
dt2
= 2i(2+ e)(ix)1+e . (2.65)
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E +(ix)2+e . (2.66)
Remark that this is a complex continuation of the classical equations. Even though
x(t) is complex, one can still treat t as a real variable. Equation (2.66) shows that
the turning points of our system are given by the roots of the function
f (x) =
q
E +(ix)2+e . (2.67)










4+2e ) . (2.68)
The energy level can be estimated using the WKB approximation. The leading order






E  x2 (ix)e (2.69)
For positive e , we can deform the phase-integral contour so that it follows the rays

































We are now able to describe the classical paths for systems of the form (2.54)
in the case where e 2 N. A detailed description that also includes the case where e
is a non-integer can be found in works such as [1, 5, 24].
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The first case we discuss is where e = 0. As discussed before, the system is
then Hermitian and describes a Harmonic oscillator [68]. For such a system the
classical path is an oscillation between the two turning points,
t1 =
p
E , t2 = 
p
E . (2.72)
Remark that the solutions we are looking at, are these solutions to equation (2.65)
for a particular fixed value of E. To describe a solution to equation (2.65), we need
to specify an initial condition. We know from the Hermitian case, that when we
have an initial position x0 on the x-axis, between the turning points,
 
p
E  x0 
p
E , (2.73)
the path goes towards a turning point, returns towards the other turning point, and
oscillates between these two points. When we describe this Hermitian system and
only allow x to be real, no solution exists for initial values outside these turning
points. This can be seen from equation (2.66) since such an initial condition would
imply an imaginary initial velocity. Since we eventually want to deal with non-
Hermitian theories, it does make sense to also allow for a complex continuation of
the paths. When this is the case, paths with initial conditions outside the turning
points can exist. Some of these solutions have been plotted in figure (2.3).
In this plot, the turning points are given by the red dots. The red line connecting
these dots is the Hermitian path that lies on the real axis. Since we also allow for
the paths to be complex, it is also possible to find solutions that cross the real x-axis
outside the turning points. Such paths form ellipses with foci on the turning points.
Remark that none of these paths can physically cross. Remark also that the period
of these ellipses and the classical path are all the same. This is a straightforward
consequence of the Cauchy theorem. Finally, we remark that all these paths are
PT -symmetric solutions.
We can now look at the solutions when e = 1. In this case the system has three
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Figure 2.3: The plot shows different classical paths that are solutions to the Hamiltonian
Ĥ = p̂2 + x̂2, where we allow for complex continuations of the paths x̂ = x1 +
ix2. The turning points for this system t1, t2 are shown by the red dots in the
plot. The red line connecting these two lines is the normal Hermitian path. The
other paths form ellipses around these two turning points. Remark that none of
the paths intersect.
turning points given by
t1 = i









One can see that these points form a PT -symmetric configuration on the complex
plane. We can again first look at the paths that start at these turning points. The
first path connects the turning points t2 and t3 through an arc below the real axis.
After it reaches the point t3, it returns to t2 and oscillates between those two turning
points, similar what we saw in the case where e = 0. The path that starts at the
turning point t1 goes up towards the positive imaginary axis +i•. This happens in










. Other paths follow periodic orbits around
the turning points t2 and t3. None of the paths intersect. This means that these orbits
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are pinched under the point x1. These indentations become sharper for larger orbits.
All these orbits around the t2 and t3 turning points, and the orbit connecting these










. These paths have been plotted in
figure (2.4).
Figure 2.4: The plot shows different classical paths that are solutions to the Hamiltonian
Ĥ = p̂2 + ix̂3, where we allow for complex continuations of the paths x̂ = x1 +
ix2. The turning points for this system t1, t2, t3 are shown by the red dots in the
plot. The red lines are the paths that originate from one of the turning points.
The other paths orbit around these two turning points t2 and t3. Remark that
none of the paths intersect.





4 , t2 =
4pEei
p
4 , t3 =
4pEei
5p




Different paths for this system have plotted in figure (2.5). Similar to the previous
plots, the paths starting at one turning point will go towards another turning point
and return. After this, it will again oscillate between these two points. Other paths
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Figure 2.5: The plot shows different classical paths that are solutions to the Hamiltonian
Ĥ = p̂2  x̂4, where we allow for complex continuations of the paths x̂ = x1 +
ix2. The turning points for this system t1, t2, t3 and t4 are shown by the red dots
in the plot. The red lines are the paths that originate from the turning points.
The other paths orbit around the two turning points t1 and t2 or the turning
points t3 and t4. Remark that none of the paths intersect.
will orbit around the these turning points, all with the same time period. In this










. Once more, remark that
the paths again do not intersect and they are all PT -symmetric.
We can generalise these examples to any values of e 2N. Remark that the con-
figuration of turning points, as well as all the paths, all appear in a PT -symmetric







, with k 2 {1,2, . . .2+ e} . (2.76)
If e is even, every turning point is the image of the PT -transformation of another
turning point. Any path starting at a turning point will go towards the PT -image
of that turning point and return. Afterwards, it will oscillate between these two
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points. Other paths will follow circular paths around two such points.
If e is an odd turning point, then one turning point will be its own image under a
PT -transformation. Such a turning point will always be on the imaginary axis.
The path starting from this turning point will go along the imaginary axis towards
±i•. Other paths will be similar to those discussed when e is even. Remark that
none of the paths can cross. This means that a path that does not start at an imaginary
turning point can cross the real axis at any point, but it can only cross the imaginary
axis where no other path exists.
2.4 Conclusion
In this chapter, we discussed both continuous and discrete transformations and sym-
metries and their role in physical systems. We have discussed the Noether’s theo-
rem and have shown that its derivation uses Hermicity. We then introduced non-
Hermitian, but unbroken PT -symmetric models. We have shown that these sys-
tems can still be physically relevant despite not being Hermitian. We were able to
show that the energies of these systems where real and that, given a suitable inner
product, they could also guarantee unitary time evolution.
We focused our attention to a particular set of such Quantum Mechanical systems
of the form
Ĥ = p̂2 + x̂2 (ix̂)e , with e 2 R . (2.77)
For these systems, we discussed the energies and the conditions for which they
are real. We discussed the conditions on how to numerically find the energies,
in particular the boundary condition for such systems. Lastly, we discussed the
classical path of these systems for e 2 N. For an even e , the paths revolve around
two PT -conjugate turning points. When e is odd, another turning point that is
PT invariant and goes to ±i• excists.
Chapter 3
Symmetries and Conserved Currents
in non-Hermitian Quantum Field
Theories
3.1 Non-Hermitian Scalar Field Theory

































where we assume that m21, m
2
2, µ2 2R and m21, m22 > 0. The anti-Hermitian terms of
these Lagrangians are proportional to µ2 and the Hermitian limit of these systems
can be obtained by taking the limit µ2 ! 0. This system has extensively been
studied in works such as [69, 70] and most of this chapter is based on the work
covered in those papers.
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3.1.1 Discrete Symmetries
We start the study of this non-Hermitian Quantum Field Theory by discussing the
discrete transformations of this system. The parity transformation acts in general
on a scalar field as
P : f(t,~x)! f 0(t, ~x) = eig1f(x) ,with g1 2 R , (3.3)
and is thus uniquely defined up to a phase factor. The P-opperator acts thus on the

























where ai 2 R. The T -transformation in turn acts on a scalar field as
T : f(t,~x)! f 0( t,~x) = eig2f⇤(x) ,with g2 2 R , (3.5)



























with bi 2 R.
Systems with a non-Hermitian potential seem to interact with an environment. This
interaction manifests itself into the presence of source and sinks in the system.
When we have a PT -symmetric system, there is as much gained from the sources
as there is lost from the sinks. Under a T -operator, the flow of time changes direc-
tion. Thus, the sinks in our systems now become sources, and the sources become
sinks. Exchanging the sources and sinks in our system would correspond to chang-
ing the sign of µ2. From this it follows that b1 = b2. Since the Lagrangian (3.1)
is PT -symmetric, it also follows that a1 = a2. It then turns out that the PT -
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A , g 2 R . (3.7)













These values are real as long as
|m21 m22|
2
 |µ2| . (3.9)
As long as condition (3.9) is satisfied, we are in the unbroken PT -symmetric
regime. Inside this regime we can look into two limiting cases. Firstly, when µ2! 0
the system is in the Hermitian limit. The eigenmasses squared are then simply given
by m21,m
2










this limit the system becomes degenerate and we loose one degree of freedom. We
will discuss what happens at this limit later on in this section when we discuss the
eigenstates of this system.
3.1.2 Equations of Motion
For a Hermitian Lagrangian LH , with action SH =
R
d4x LH , consisting of n com-

























, i 2 1,2, . . .n . (3.11b)
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Initially one might think these 2n equations overconstrain the system so that only
a non-dynamical solution will exist. However, since the action we consider is Her-


















Because of the Hermitian nature of this system, the only restriction one needs stems
from equation (3.11a) or equivalently equation (3.11b). This means that we only
have n equations that constrain the fields, which do allows for dynamical solutions
of our equations of motion.
Things become more complicated when the system that we consider is no longer
Hermitian. In this case, the relation (3.12) is no longer satisfied and the only possi-
ble solution to the equations of motion would be the trivial one
fi = f⇤i = 0 . (3.13)
We can show the PT -symmetry of our system explicitly by writing the Lagrangian
































To deal with the previously mentioned problems concerning the equations of mo-
tion, we propose a method introduced in [69, 70]. Since both equations in (3.11) do
not allow for dynamical solutions, we should choose only one of the two equations
0⌘ dS
dF
, or 0⌘ dS
dF‡
, (3.16)
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where S =
R
d4x Ls is the action. The other pysical equations are then obtained by










































































These two choices only differ in the sign of the µ2 coupling. The physical observ-
ables (3.8) do not depend on the sign of µ2, however, since these only depend on
µ4. Both choices of equations of motion will lead to the same observables.
An alternative approach to this problem was proposed by P. Mannheim [58]. The
author proposes to transform the non-Hermitian Lagrangian (3.1) into a Hermitian
one via a similarity transformation. This newly transformed Lagrangian is now Her-
mitian, so there should not be any problem defining the equations of motion in this
frame of reference. In this work, we will focus mainly on the first approach to the
equations of motion, but we will sometimes compare the results of the two different
methods.
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0 =⇤f1 +m21f1 +µ2f2
0 =⇤f2 +m22f2 µ2f1
. (3.20)
Using these equations of motion, one can check that the right eigenfields of our







































































with eigenmasses squared: M2  .
Remark that the left and right eigenvectors are related by a C 0PT transformation
so that they form an orthonormal basis under the C 0PT inner product. Remark
that the overal sign of the C 0-operator depends on the relative values of the m21 and
m22 couplings, but is independent of the non-Hermitian coupling µ2.
It proves interesting to look at how these vectors depend on the coupling µ2. To
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Figure 3.1: We plot the component of the left and right eigenvectors for the different eigen-








± for both right eigenvectors so that
they become parallel. In this limit, the right eigenvectors become equal to each
other and the left eigenvectos become negative towards each other.
examine this behaviour, we write the right eigenfields as
f± = a(1)± f1 +b
(1)
± f2 , (3.24)



















± for different values of







  for µ2 = 0.9⇤
|m21 m22|
2 . Remark that the components of f±
and fC 0PT⌥ always appear under an angle of p2 . This confirms the orthogonality of
the eigenvectors under the C 0PT inner product.
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components of f+ are equal to those of fC
0
PT
+ . The components of f+ and f 
form an angle of p2 in that limit. For increasing µ
2, the angle between f+ and f 
decreases until it finally is zero when µ2! |m
2
1 m22|
2 and f+ = f . In this limit the
system looses two degrees of freedom.
3.1.3 Symmetries and Conserved Currents
As mentioned before, for a Hermitian system that possesses a continuous symmetry
there is a current that is conserved. When µ2! 0, we are in such a Hermitian limit























with g1,g2 2 R. The corresponding Noether currents to these transformations are
ja1 = i(f⇤1 ∂ af1 f1∂ af⇤1 ) (3.27)
ja2 = i(f⇤2 ∂ af2 f2∂ af⇤2 ) . (3.28)
When µ2 6= 0, these currents are no longer individually conserved, but instead
∂a ja1 = ∂a ja2 = iµ2 (f⇤2 f1 f⇤1 f2) . (3.29)
In the non-Hermitian case, µ2 6= 0, the system (3.1) is only invariant under one U(1)











A , with g 2 R . (3.30)
From equation (3.29) it is clear that the Noether current corresponding to this non-
Hermitian transformation (3.30)
j0a = ja1 + j
a
2 = i([f⇤1 ∂ af1 f1∂ af⇤1 ]+ [f⇤2 ∂ af2 f2∂ af⇤2 ]) , (3.31)
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is no longer conserved
∂a j0a = ∂a ja1 +∂a ja2 = 2iµ2 (f⇤2 f1 f⇤1 f2) 6= 0 . (3.32)
However, the current ja = ja1   ja2 is conserved under the equations of motion.
To understand this remarkable feature we need to reconsider the derivation of the
Noether current (2.19) that we gave previously in chapter (2.1.2).
We have a transformation j 0, under which the fields change as
F!F+dF , F†!F† +dF† . (3.33)
















































































cannot simultaniously be zero if L is non-Hermitian. Thus ∂a ja cannot be zero
either and d ja will not be conserved. Conversely, if d ja is conserved and the
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= 0 , (3.39)


















·dF = 2iµ2g (f⇤1 f2 f⇤2 f1) , (3.41)
which confirms that
∂a j0a = 2iµ2 (f⇤1 f2 f⇤2 f1) . (3.42)












A , with g 2 R , (3.43)
then we can see that under this transformation









and thus the current
ja = ja1   ja2 , (3.45)
is conserved. Remark that under this transformation with conserved current, the
two complex fields possess opposite charges. Therefore, one acts as a source and
another as a sink. Remark that this reflects our discussion on sink and sources in
PT -symmetric theories.
For this scalar model we have shown that there are two important transforma-
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A , with g 2 R , (3.46)
which is a symmetry of our system. All observables are trivially invariant under
such a transformation. Unlike in the Hermitian case, the corresponding current is
not conserved.











A , with g 2 R , (3.47)
which is not a symmetry of the Lagrangian. The corresponding current of this
transformation is given by
ja = i([f⇤1 ∂ af1 f1∂ af⇤1 ]  [f⇤2 ∂ af2 f2∂ af⇤2 ]) , (3.48)
and is conserved. This transformation transforms the Lagrangian into
L
0 = ∂af⇤1 ∂ af1 +∂af⇤2 ∂ af2 m21|f1|2 m22|f2|2 µ2e2igf⇤1 f2 +µ2e 2igf1f⇤2 .
(3.49)
Even though this Lagrangian, L 0, is different from the original Lagrangian, the
spectrum of L 0 is identical to the spectrum of L . So whilst the Lagrangian L is
not invariant under this transformation, physical quantities such as eigenmasses are.
This shows that we can interpret (3.49) as a one-parameter-family of physically
equivalant Lagrangians. This feature can serve as a generalisation of the choice
we have in defining our equations of motion. A different choice of our equations
of motion would correspond to the original equations of motion of a transformed
Lagrangian under the transformation (3.46) with e = p2 .
Non-Hermitian theories are different from Hermitian ones in that currents cor-
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responding to a symmetry are no longer conserved. Instead, it is the current corre-






















= 0 , (3.51)
so equation (3.50) still holds in this case.
3.2 Non-Hermitian Fermionic Model
3.2.1 Equations of Motion and Discrete Symmetries
In the previous part, we discussed a non-Hermitian scalar field Lagrangian. We
noted two main differences compared to Hermitian systems. The first difference
lies in the definition of the equations of motion, and the second difference lies in the
correspondence between transformations and conserved currents. Remark that the
derivations for both of these results should work for a general non-Hermitian La-
grangian. The same results should thus hold for other non-Hermitian Lagrangians
then the one in (3.1). Here we explore a non-Hermitian Fermionic Fermionic La-
grangian of the form
LF = y
⇣
i/∂  m µ f g5
⌘
y , where y = y†g0 . (3.52)
This model has been studied in works such as [45, 49, 50, 69, 70].








i/∂  m µ f g5
⌘
y (3.53)














/∂  m+µ f g5
⌘
. (3.54)
From these equations of motion one can see that
⇣
 i/∂  m+µ f g5
⌘⇣








y = 0 . (3.55)
Thus the physical mass squared of this sytem is m2  µ2f , which means that the
eigenmasses are real as long as the condition
m2   µ2f , (3.56)






















i/∂  m+µ f g5
⌘
y . (3.58)
The difference with these equations of motion, compared to the equations of motion
as defined in (3.53), is in the sign of µ f . This difference in sign does not change the
eigenmasses squared, since these only depend on µ2f .
The discrete symmetries of this system are defined as
P : y(~x, t)! g0y(~x, t) (3.59a)
P : y(~x, t)! y(~x, t)g0 (3.59b)
and
T : y(~x, t)! ig1g2y⇤(~x, t) (3.60a)
T : y(~x, t)! y⇤(~x, t)ig1g2 . (3.60b)
This shows that the Lagrangian (3.52) is PT -symmetric. From here we can see
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that as long as the condition (3.56) is satisfied, the masses are real and this system
is in the unbroken PT -symmetric regime.
3.2.2 Continuous Transformations and Conserved Currents
Let us assume we have a transformation that acts on the fields as
y ! y +dy , y ! y +dy . (3.61)





















































dy = 2µ f yg5dy . (3.64)
Such a transformation is given by




















and thus its corresponding current











In this section we have studied two non-Hermitian Quantum Field Theories. Firstly,






























i/∂  m µ f g5
⌘
y , (3.69)
with the non-Hermitian term µ f yg5y . We discussed the discrete P and T trans-
formations for both these models and show that they are PT -symmetric. The




 |µ2| , (3.70)
for the scalar model and
m2   µ2f , (3.71)
for the fermionic model.
Special care needs to be taken when defining the equation of motion for such sys-
tems. For these non-Hermitian systems we need to define the equations of motion






= 0 , (3.72)






= 0 . (3.73)
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When the anti-Hermitian terms are not zero, both these equations cannot be satisfied












































































A ,with gs 2 R , (3.78)
for the scalar Lagrangian with conserved current











y ,with g f 2 R , (3.80)










The transformation (3.78) transforms the Lagrangian Ls into a set of one parameter
Lagrangians, all with the same physical observables.
Chapter 4
Goldstone Theorem and the
Englert-Brout-Higgs Mechanism
In the previous section, we discussed how to consistently define the equation of
motion and the relationship between transformations and conserved currents for
non-Hermitian, PT -symmetric models. It turns out that many results that hold for
Hermitian Quantum Field Theory need to be reexamined when applied in a non-
Hermitian context.
A straightforward next step in the study of non-Hermitian models like (3.1) is to
examine whether such models can produce results similar to those predicted by the
Standard Model. In this section, we will check whether the mechanism of mass
generation for a gauge field as described by the Englert-Brout-Higgs mechanism
([56], [57]) still works for non-Hermitian models like (3.1).
With this in mind, we first need to make sure if and how the Goldstone theorem [71]
holds for a general non-Hermitian model. It turns out that for a Nambu-Goldstone
boson to exist, we will need a non-trivial vacuum expectation value that is broken by
a transformation with a conserved current. As we have seen in the previous section,
such a transformation will, in general, not be a symmetry of the system. We will
discuss the derivation of the Nambu-Goldstone theorem for a non-Hermitian model
and explicitly show the spectrum for a system like (3.1). We follow the outline as
described in [72].
After this, we want to gauge our scalar non-Hermitian model and replace the usual
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derivatives by covariant ones. We examine two particular models that are both a
straightforward generalisation of our scalar model. In the first model the gauge
field couples to a conserved current. We will see that this model cannot be physical
since it has a non-zero polarisation tensor. The second model couples the gauge
field to a non-conserved current. To still have physically consistent equations of
motion, we will see that a gauge restriction must be imposed on the level of the
Lagrangian. This will closely follow the work done in [72].
The final part of this section will highlight an alternative approach to these prob-
lems. This starts from the alternative approach to the equations of motion as sug-
gested in [58] and already discussed in section (3.1.2). We are then able to compare
the two results that were obtained using the different equations of motion.
4.1 Goldstone Theorem
In the previous section, we discussed continuous global transformations in the con-
text of non-Hermitian Quantum Field Theories and how they relate to conserved
currents. This relation differs from the usual ones in Hermitian theories. It might
thus be interesting to investigate whether other results still hold for non-Hermitian
theories. The first result we want to discuss is whether the Goldstone theorem still
holds for our non-Hermitian scalar model. To do this, we must first discuss sponta-
neous symmetry breaking.
4.1.1 Spontaneous Symmetry Breaking






and reverse the sign of the |f1|2 coupling so that we end up with a Lagrangian
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This is done so that this system can possesses a non-trivial vacuum expectation






|f1|2f1 m21f1 +µ2f2 = 0 , (4.3a)
dU
df⇤2
=m22f2 µ2f1 = 0 , (4.3b)
where U is the potential of the Lagrangian (4.2) and in this case given by




Remark that these solutions can also be seen as the non-dynamical solutions to the
equations of motion. Within the definition of the vacuum expectation value (4.3), a
choice in equations of motion is assumed.
Similar to the Lagrangian (3.1), the Lagrangian (4.2) is also invariant under a global










A ,with g 2 R . (4.5)
The solutions to equations (4.3) are also all connected to each other by these trans-

















Ae ie ,with e 2 R . (4.6)
We choose a particular vacuum by setting e = 0, which fixes an angle in (4.6). These
non-trivial vacuum expectation values form the true vacuums of our system. The
vacuum expectation value hFi = 0, is a false vacuum. Such a vacuum is unstable
and a field at this vacuum will tend to move to a lower, more stable vacuum after
which it will oscillate around this new vacuum. If we want to consider the fields as
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physical fluctuations around the true vacuum, we should represent them as
f1 = v1 + f̂1 and f2 = v2 + f̂2 , (4.7)
where f̂i represents those fluctations around the true vacuum. The Lagrangian (4.2)
in terms of these new fields becomes



























m̃21 ⌘ kv21 m21 . (4.9)
The linear terms in the Lagrangian are a direct consequence of the non-Hermitian
behaviour and our choice of equations of motion. These terms will not be physically
important since they do not play a role in the equations of motion. Remark that
unlike the Lagrangian (4.2), the Lagrangian (4.8) does depend on the choice of
equations of motion, since the fields in (4.8) are fluctuations around a vacuum. To
define this vacuum, one needs to choose a set of equations of motion and this choice
is implicit in the formulation of (4.8).
Remark that this entire description only keeps the U(1) symmetry until equation
(4.7). By fixing a particular angle in (4.7), we explicitly break the U(1) symmetry
in our system. This process is known as a spontaneous symmetry breaking.
4.1.2 Goldstone Theorem
In Hermitian theories, a system with spontaneous symmetry breaking implies the
appearance of a massless particle, known as the Nambu-Goldstone boson. This
feature is known as the Goldstone theorem.
Goldstone Theorem. For a continuous symmetry that is spontaneously broken, it
follows that there exists one massless particle - called a Nambu-Goldstone boson -
for every generator of the symmetry that is broken.
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The proof of this theorem, which can be found in works such as [71, 73, 74],
relies on the existence of a conserved current and not on the invariance of a La-
grangian under such a transformation. Both these things are equivalent for Hermi-
tian theories. This is however not the case for a non-Hermitian model (4.2). This
Lagrangian is invariant under a transformation of the form
F! exp( ig)F , with g 2 R , (4.10)
while the conserved current corresponds to the transformation








The latter transforms the Lagrangian (4.2) into a set of one-parameter-family of
physically equivalent Lagrangians with potentials given by
U !U 0g = m21|f1|2 +m22|f2|2 +µ2
 






It is the existence of this latter transformation that will be important for the proof of
the Goldstone theorem in the non-Hermitian case. In what follows, we revisit the
derivation of the Goldstone theorem in the context of such a non-Hermitian theory.
Proof. We assume that there exists an infinitesimal transformation, which takes the
generic form
F ! F + ieT F , with e 2 R , (4.14)
where T is the generator of this transformation. We also assume that this trans-
formation corresponds to a conserved current jn , with conserved charge Q =
R
d3x j0(x). Most importantly, for the non-Hermitian theory, this transformation
does not leave the Lagrangian invariant.
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We are interested in the vacuum expectation of the commutator [Q,F(x)]:
h0̄|[Q,F(x)]|0i = iT hFi , (4.15)
where hFi ⌘ h0̄|F(x)|0i. We note that the physical inner product is defined with
respect to C 0PT , as is necessary for a non-Hermitian theory. With this exception,
the proof of the Goldstone theorem proceeds in the same manner as for Hermitian
theories (and we closely follow the proof given in [75]). By inserting complete sets
of intermediate states, we can write
h0̄|[ ja(y),F(x)]|0i = Â
N
h








(2p)4d 4(pN  p)h0̄| ja(0)|NihN̄|F(0)|0i
  eip·(y x)Â
N




and, by virtue of Lorentz invariance, these terms should be of the form
Â
N
(2p)4d 4(pN  p)h0̄| ja(0)|NihN̄|F(0)|0i= 2piq(+ p0)par(p2) , (4.17a)
Â
N
(2p)4d 4(pN  p)h0̄|F(0)|NihN̄| ja(0)|0i= 2piq(+ p0)par̄(p2) . (4.17b)
Moreover, causality requires that the commutator vanishes for space-like separa-
tions. If we choose x0 = y0, and |~x ~y| > 0, then it follows that r(p2) =  r̄(p2).
Because the function is Lorenz invariant, this holds for all space-time configura-








































is the Pauli-Jordan function with the mass of the field replaced by s . We know
that this function should be zero for spacelike separations and non-zero for timelike
separations.





ds2 s2r(s2)D(y,x;s2) = 0 . (4.20)
Since we know that for time-like seperations D(x  y) 6= 0, the integrand must be
zero as well
s2r(s2) = 0 . (4.21)
From this it is straightforward to see that r(s2) = r0d (s2). Thus, for x0 = y0, we
have





























= ir0 d 3(y x) , (4.22)
and it follows that
h0̄|[Q,F(x)]|0i = iT hFi = ir0 . (4.23)
If there exists a non-trivial vacuum hFi, which is not invariant under the transfor-
mation generated by T , then r0 6= 0. We remark that, for a non-Hermitian theory,
hFi0 = T hFi is a vacuum state of the transformed Lagrangian, e.g., for the trans-
formations in equation (4.11), hFi0 is the vacuum state with respect to the potential
in equation (4.13). The latter fact does not, however, affect the derivation of the
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Goldstone theorem. Returning to the expressions in equation (4.17), we have
Â
N
(2p)4d 4(pN  p)h0̄| jn(0)|NihN̄|F(0)|0i = 2piq(+ p0)pnr0d (p2) . (4.24)
The right-hand side is non-vanishing when p2 = 0, provided pn 6= 0n . It follows
that there must exist a state |Ni with pN = p, such that p2N = 0, i.e. there must exist
a massless state.
We emphasise that this proof of the existence of a massless Goldstone mode re-
lies on the existence of a conserved current and not on invariance of the Lagrangian.
Hence, the Goldstone theorem persists for the non-Hermitian theory, and we give
further details for our specific model in what follows.
4.1.3 Goldstone Mode
We have shown that a Nambu-Goldstone mode should exist for systems with a con-
served current, whose transformation j does not leave the vacuum invariant
j (hFi) 6= hFi . (4.25)


















Aeie , e 2 R , (4.26)
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The Lagrangian (4.2) can then be expressed in terms of fluctuations around the non-
trivial vacuum (4.26). This new Lagrangian is given by (4.8)


























The equations of motion of this Lagrangian follow from
dL
df⇤i





⌘ 0 , (4.29)























 µ2 0 m22 0











+ · · · , (4.30)
where the dots represent terms of higher order in f̂1 and f̂⇤1 . These higher order
terms can for now be ignored since they do not contribute to the masspectrum on
the classical level.
One can straightforwardly check that the matrix for the linear terms in equation
(4.30) has a determinant that is zero, and therefore has the anticipated Goldstone
mode. Remark that even though the specific form of this matrix and of the classical
eigenmodes does depend on our choice of equations of motion, the spectrum should
be unique.
The mass matrix has a single zero eigenvalue, and the corresponding (Goldstone)
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We also list the other eigenvalues of this system and their corresponding eigen-
modes. The eigenvalues are given by
























with K = 2m21m
2


















































A remarkable feature of the Goldstone theorem is that its form could also have been
anticipated from the conserved current directly. This might initially seem surprising,
but it reenforces the idea that it is the existence of this current that is responsible for
the existence of the Goldstone mode.
The conservation equation yields
∂a ja = i∂a
⇥ 




f?2 ∂ af2   f2∂ af?2
 ⇤
= 0 . (4.34)
Expanding this to first order in the fluctuations gives
∂n jn '  2
 
v1⇤ Im f̂1   v2⇤ Im f̂2
 
, (4.35)
and we see that the Goldstone mode is
G1 µ Im f̂1  
µ2
m22
Im f̂2 . (4.36)
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Remark that if we would have a conserved current whose transformation did not
break the vacuum, these linear terms would be zero. So it follows that no Goldstone
mode would exist.
Finally, we note that for our choice of equations of motion, the Goldstone mode is
in fact the left eigenvector of the mass matrix (as dictated by the conserved current).
Choosing the alternative definition of the variational procedure, the Goldstone mode
would instead correspond to the right eigenvector of the mass matrix in equation
(4.30), which is distinct and related to the previous one by PT -conjugation. Note
that this is consistent with PT -transformation, superseding Hermitian conjugation
for non-Hermitian theories and that the alternative definitions are equivalent.
4.2 Englert-Brout-Higgs Mechanism
We have shown that the Goldstone theorem still holds for a non-Hermitian system.
The next step we want to take is to investigate how we can introduce gauge fields
into the Lagrangian (4.2) in a consistent way. Since the Goldstone theorem still
works for this Lagrangian, we want to eventually examine whether the Englert-
Brout-Higgs mechanism also still applies to this non-Hermitian system.
The previous sections gave us a consistent way to generalise aspects from Her-
mitian Quantum Field Theory into non-Hermitian theories in a relatively straight-
forward manner. We will find that it is less straightforward to find a method that
consistently gauges our non-Hermitian Lagrangian (4.2). We start this section by
generalising a global transformation of the form
f ! e igf , where g 2 R , (4.37)
to a local one. This will naturally introduce the gauge fields in our system and
highlight the need for covariant derivatives in the gauged system. Afterwards, we
should have the building blocks ready to start building a non-Hermitian gauged
model. We will see that while doing so, we will need to take special care in making
sure we have consistent equations of motion. This will closely follow the approach
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outlined in [76].
4.2.1 Local Symmetries
Gauge fields appear naturally when we want to make physical systems, possessing a
gloabal symmetry, also invariant under a local symmetry. The main transformations
we want to make local here are the global U(1) transformations of the form (4.37)
so that this becomes
f ! e ie f (x)f , (4.38)
where f (x) can be any function that depends on space-time and e a charge constant.
This will be a straightforward procedure for terms such as m2|f |2 that are locally
well defined. When such terms are invariant under a global transformation of the
form (4.37), it is straightforward to check that they will also be invariant under
transformations such as (4.38). This is however less trivial when we deal with non-
local properties such as kinetic terms. The derivative of a field f(x) in the direction






The problem with this property for systems with a local symmetry, is that taking
the difference between fields that are evaluated at different points is badly defined.
This is because f(x) and f(x+ dk) can have completely different transformations
under (4.38). We will need to find a way to consistently substract these fields that
are evaluated at different points
f(x) f(y) ,with x 6= y . (4.40)
In order to do this, we introduce an opperator U(x,y) that connects these different
points in some way so that we can instead evaluate
f(x) U(x,y)f(y) , (4.41)
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where U(x,y) transforms under (4.38) as
U(x,y)! e ie f (x)U(x,y)eie f (y) . (4.42)
It is clear that for such a transformation it should be the case that U(x,x) = 1. Based
on this, it is evident that instead of normal derivates as defined in (4.39) we should






where we can express U(x+dk,x) explicitly for infinitly small d as












This prodecure naturally introduces a vector field Aa in the definition of the covari-
ant derivative. It is easy to check that this vecor field should transform under a local
transformation, such as (4.38) as
Aa ! Aa +∂ a f (x) . (4.45)
This means that the covariant derivative must be defined as
Daf = [∂ a + ieAa ]f . (4.46)
The final step in constructing the Lagrangian will be the introduction of a kinetic









∂ aAb  ∂ b Aa
⌘
. (4.47)
The definition of U(x,y) is now only defined for x and y infinitly close. We can think
about how this should be defined for x and y further apart. We know that U(x,y)
should be a function of the gauge field Aa and transform as (4.42). We can check










with g a path that runs form y to x, fits all the necessary criteria. This expression in
known as a Wilson line [77] and depends on the path that connects y and x.
4.2.2 Gauging the Scalar Model
We are now able to make the Lagrangian





local U(1) gauge invariant. There are two natuaral generalisations that we will













Fab Fab , (4.50)
where
Da± = ∂ a ± iqAa . (4.51)
Because of this definition of the covariant derivates, one can see that depending on










In what follows we will discuss both of these models.
4.2.2.1 First Model: Conserved Current
If we want the Maxwell equations to have the usual canonical forms, so that the
equations of motion for the gauge fields are given by
∂aFab = jbA,  . (4.53)
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From this equation of motion, it would follow that the current that couples to the
gauge field must be conserved since ∂a∂b Fab = 0. The Lagrangian we consider
should be of the form






Fab Fab . (4.54)
The kinetic terms in the Lagrangian are invariant under the transformations
f1(x) ! f1(x)e iq f (x) , (4.55a)
f2(x) ! f2(x)e+iq f (x) , (4.55b)
Aa(x) ! Aa(x)+∂ a f (x) . (4.55c)
The kinetic term could also be written in terms of DaF with Da = I2∂a + iqPAa ,
making manifest the role played by the parity matrix P in the definition of the con-
served current.
For such a Lagrangian, we see that the non-Hermitian mass term explicitly breaks






1 µ2e+2iq f (x)












The eigenspectrum is unaffected by the additional phases in the off-diagonal ele-
ments of equation (4.56), and the squared mass eigenvalues remain real and inde-
pendent of the gauge function f (x), since they involve µ̃2(x)[µ̃2(x)]? = µ4. While
the eigenspectrum is gauge invariant, we find that the photon acquires a mass be-
yond tree-level; namely, at the one-loop level, we find that the polarisation tensor is
not transverse:
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The above observations indicate that the non-Hermitian deformation of massless
gauge theories is problematic due to the necessary violation of gauge invariance.
One can try to modify the Lagrangian (4.54) in order to still have a consistent
theory where the gauge field still couples to a conserved current. One might be
tempted to introduce a non-minimal coupling, with the Lagrangian
LW = [D+a f1]?Da+f1 +[D a f2]?Da f2 m21|f1|2 m22|f2|2
 µ2
⇣




Fab Fab , (4.58)
where







is a Wilson line [77], running along a path from the boundary (at infinity) to the
spacetime point x. Under a gauge transformation (chosen to vanish at infinity), we
have
W (x) =W (x)e iq f (x) , (4.60)
and the Lagrangian is invariant. However, we have traded the problem of gauge
invariance for the path-dependence of the Wilson line. Moreover, we see that the
gauge field now couples to the non-Hermitian term, such that the equation of motion
for the gauge field obtains an imaginary part, potentially violating the reality of the
gauge field.
4.2.2.2 Second Model: Modification of Charge Allocation
In order to circumvent the problems we discussed, we can instead couple the gauge










where Da+ = ∂ a + iqAa , with divergence
∂a jaA,+ = 2iqµ2(f?2 f1 f?1 f2) . (4.62)
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Fab Fab . (4.63)
In this case, f1 and f2 are assigned identical charges and the non-Hermitian mass
term is gauge invariant. This Lagrangian is invariant under the gauge transformation
f1(x) ! f1(x)e iq f (x) , (4.64a)
f2(x) ! f2(x)e iq f (x) , (4.64b)
Aa(x) ! Aa(x)+∂ a f (x) . (4.64c)
However, in order to ensure that the Maxwell equations
∂aFab = jbA,+ , (4.65)
are consistent, since ∂b j
b




to the Lagrangian, which would, in the Hermitian case, correspond to fixing a co-
variant gauge that satisfies the Lorenz gauge condition ∂aAa = 0. Notice that with
the addition of this term and, as in the Hermitian case, the gauge functions must
satisfy the constraint ⇤ f = 0 for the Lagrangian to be invariant under the transfor-
mation, such that we only have a restricted gauge invariance.
The equation of motion for the gauge field becomes
⇤Aa   (1 1/x )∂ a∂b Ab = jaA,+ , (4.67)
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and its divergence yields
1
x
⇤∂aAa = 2iqµ2(f?2 f1 f?1 f2) . (4.68)
We see that the non-Hermiticity precludes the Lorenz gauge condition, and the con-
sistency of the Maxwell equation instead leads to the constraint
⇤p0 = 2iqµ2(f?1 f2 f?2 f1) , (4.69)
where p0 = ∂aAa/x is the momentum conjugate to A0.
As a last remark, we note that the above formulation arises naturally from the Stück-
elberg mechanism [78] (see, e.g. [79]), in the limit where the vector mass goes to
zero. To see this, we introduce an extra real scalar field r , and consider the La-
grangian




















This Lagrangian is invariant under the gauge transformations
f1,2(x) ! f1,2(x)e iq f (x) , (4.71a)
Aa(x) ! Aa(x)+∂ a f (x) , (4.71b)
r(x) ! r(x)+m0 f (x) , (4.71c)
where the gauge function satisfies (⇤+x m20) f = 0. The equation of motion for Aa
then yields Eq. (4.67) in the limit m0! 0, where the scalar r decouples from the
system, and the constraint (4.68) necessarily arises.
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4.2.3 Englert-Brout-Higgs Mechanism
In this section, we show that a gauge-invariant mass can be generated at tree-level
by the Englert-Brout-Higgs mechanism. Given the considerations in the previous
section, we consider the Lagrangian










where we emphasise that the would-be gauge-fixing term  (∂aAa)2/(2x ) is nec-
essary for consistency of the model.
The vacuum expectation value for the scalar fields is the same as in the global
model (4.6), and we can express the Lagrangian (4.72) in terms of the shifted fields:









|v1 + f̂1|2 + |v2 + f̂2|2
 
 Aa ja+ , (4.73)






























ja+ = iq(f⇤1 ∂ af1 f1∂ af⇤1 )+ iq(f⇤2 ∂ af2 f2∂ af⇤2 ) . (4.76)
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Aa+(1 1/x )∂ a∂b Ab = 2q2
 







Aa   ja+ , (4.77c)
where
M2A = 2q
2  |v1|2 + |v2|2
 
, (4.78)
is the gauge-invariant squared-mass of the gauge boson. Therefore, although the
non-Hermitian model has non-trivial features related to gauge invariance, the usual
Englert-Brout-Higgs mechanism still holds.
4.3 Alternative Discription
4.3.1 Equations of Motion
In the work done by Mannheim [58], an alternative approach to the equations of
motion was presented. This approach to the equations of motion was also followed
in [80] where the Goldstone bosons in onother scalar Quantum Field Theory. The
non-Hermitian system transforms into a Harmitian one using a similarity transfor-
mation. In order to write this transformation explicitly, we first write the Lagrangian




(c1 + ic2) , f⇤1 =
1p
2




(y1 + iy2) , f⇤2 =
1p
2
(y1  iy2) . (4.79b)
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The canonical conjugates for the field f1 and f2 are repectively given as
P1 (t,~x) = ∂ty1 (t,~x) , P2 (t,~x) = ∂ty2 (t,~x) . (4.81)
We can then define the transformations
















Keeping in mind the equal time commutation relations
[yi(t,~x) , P1(t,~x)] = id 3 (~x ~y) , (4.83)
it follows that
T (y1) y1 T 1(y1) = iy1 , T (y1) P1 T 1(y1) = iP1 (4.84)
T (y2) y2 T 1(y2) = iy2 , T (y2) P2 T 1(y2) = iP2 . (4.85)
We can then apply these transformations to the action to obtain
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0 =⇤f1 m21f1  iµ2f2 + g2 |f1|2f1 ,





0 =⇤f⇤1  m21f⇤1 + iµ2f⇤2 + g2 |f1|2f⇤1
0 =⇤f⇤2 +m22f⇤2 + iµ2f⇤1 .
(4.88b)
Since these equations of motion stem from a Hermitian system, it is clear that they
are consistent. Remark that the two systems S and S0 are connected by a similarity
transformation which leaves the eigenvalues invariant. Since S0 is a Hermitian sys-
tem, the Goldstone theorem will hold for this system. This proves the Goldstone
theorem for our non-Hermitian system.
This procedure highlights a remarkable feature. It seems that, according to this
procedure, some non-Hermitian systems are equivalent to the Hermitian one. An
important question remains in how to interpret the seemingly incompatible equa-




0 =⇤f1 m21f1 +µ2f2 + g2 |f1|2f1 ,





0 =⇤f⇤1  m21f⇤1  µ2f⇤2 + g2 |f1|2f⇤1
0 =⇤f⇤2 +m22f⇤2 +µ2f⇤1 .
(4.89b)
A possible solution to this problem is to reinterpret the meaning of the star operator
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4.3.2 Gauge Symmetry in non-Hermitian System
The non-Hermitian Lagrangian can be made gauge invariant into the Lagrangian
LA =[Daf1]⇤Daf1 +[Daf2]⇤Daf2 +m21|f1|2 m22|f2|2 (4.90)







where Da = ∂ a + iqAa . This Lagrangian is invariant under the gauge transforma-
tion
f1! e iq f (x)f1 , f2! e iq f (x)f2 , Aa ! Aa +∂ a f (x) . (4.91)











m21 µ4/m22 , ȳ1 = 0 .
After expressing the Lagrangian LA in terms of fluctuations around this vacuum,













Remark that we can do the same for the transformed action that is Hermitian and
end up with the same mass term for the gauge field. Remark that this mass term is
different from the one obtained from the original interpretation of the guage fields













These results predicts a very different behaviour in the limit µ4! m42. In this limit
the Englert-Brout-Higgs mechanism does no longer hold if we follow the approach
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as outlined by Mannheim [58]. The difference in these gauge masses is a direct
result from how the equations of motion were obtained. Because of this, there is a
difference in sign of µ4 for the masses in the different approaches. This explains
why, the limit µ4!m42, our model [76] predict that the Englert-Brout-Higgs mech-
anism does still holds. We will examine this limit further in Chapter 6.
4.4 Conclusion
In conventional Hermitian Quantum Field Theories it is well understood how
a global symmetry is accompanied by the appearance of a massless Nambu-
Goldstone boson. In this chapter, we looked into how this connection is generalised
when we also allow for non-Hermitian Quantum Field Theories. It turns out that the
existence of the Nambu-Goldstone boson hinges on the presence of a transforma-
tion that breaks the non-trivial vacuum expectation value and has a corresponding
conserved current. Such a transformation will in general not be a symmetry for
non-Hermitian Quantum Field Theories. A consistent description of the Goldstone
theorem for non-Hermitian Quantum Field Theories, serves as a first step into an
exploration of whether consistent PT -symmetric generalisation of the Standard
Model can excist.
As a second step we, discussed how the Englert-Brout-Higgs mechanism
[56, 57] for generating gauge boson masses can be generalised to the non-Hermitian
case. We showed that in order to preserve gauge invariance in our non-Hermitian
model, the gauge field should couple to a non-conserved current. To still have
consistent Maxwell equations, we require the inclusion of gauge fixing terms in the
Lagrangian. This leads to a particular constraint on the gauge field that depends on
the non-Hermitian structure of the theory.
We ended this chapter by giving a short description of the work done by
Mannheim in [58]. This work also looks into the Goldstone theorem and the
Englert-Brout-Higgs mechanism for the same non-Hermitian model. The differ-
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ence with our work lies in that Mannheim takes an alternative approach to defining
the equations of motion. The interesting thing to note is that this procedure also pre-
dicts both the Goldstone theorem and the Englert-Brout-Higgs mechanism to hold,




In the previous sections, all results have been derived at the tree-level. In order to
define consistent Quantum Field Theories, we want to discuss these results at higher
loop orders as well. We start this section by establishing a consistent formulation
of the path integral. We will see that to do this, we need to define this with respect
to the C 0PT -conjugate field variables. We are then able to define the partition
function on the presence of two external C 0PT -conjugate source fields. Later, we
move on to define the 1PI effective action for our scalar field Lagrangian and show
the running of its couplings.
Later on, this procedure enables us to derive the Goldstone mode that we defined
in the previous section at the one-loop order and to show that the gauge field Aa
remains real after quantum corrections.
5.1 Path Integral Formulation
We now turn out attention to the formulation of the path integral representation of
the non-Hermitian Quantum Field Theory. We discuss this for a scalar Lagrangian
of the form
L = ∂af⇤1 ∂ a +∂af⇤2 ∂ af2 m21|f1|2 m22|f2|2 µ2 (f⇤1 f2 f⇤2 f1) Uint , (5.1)
for which the interaction potential Uint is PT -symmetric.
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 1 , (5.2)














For ease of notation and for the sake of consistency we will assume here that m21  
m22. Remark that we can always obtain this by relabeling the field and changing the
sign of the µ2 coupling. As we have discussed before, the physics of our system
should remain invariant under this.
5.1.1 New Conjugate Field Variables
The Lagrangian in equation (5.1) would naively appear to have a finite imaginary
part for µ 6= 0, and one might be concerned that this could modify the convergence
of the path integral. However, the spectrum of this theory is real and positive definite
in the region of unbroken PT -symmetry, enabling us to consistently formulate the
path integral and its quantisation.
Then, we can rotate to the mass eigenbasis via the transformation


























2h2   2 + 2
p
1   h2 . (5.6)
The matrix R satisfies the following properties
R† = R , R 1 = PRP 1 = PRP , (5.7)







X̄ = X‡C0 , with X‡ = X†P , C0 = RPR 1 . (5.8)
The variables X and X̄ are C 0PT -conjugate fields in the sense of what we dis-
cussed in Chapter 2. We note that the C 0 transformation here, which we identify
with a prime, is thus not the canonical C transformation in Fock space, which would
involve complex conjugation. Instead, it is the transformation by which one con-
structs the positive-definite inner product in PT -symmetric Quantum Mechanics
as we discussed in Chapter 2. The free Lagrangian in terms of these fields becomes





0  ⇤   M2 
1
A , (5.9)
and it appears to be that of an Hermitian theory. However, introducing interactions
leads to the non-trivial feature mentioned above: varying the full action with respect
to (x1,x2) or (x̄1, x̄2) does not yield the same equations of motion. This can be
seen, for example, with the interaction |f1f?1 |2, which can be expressed using either
F = R 1X:
|f1f?1 |2 = |f1|4 = N 4
  h x1 +
 p




or F† = X̄R:
|f1f?1 |2 = |f?1 |4 = N 4
  h x̄1  
 p
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5.1.2 Partition Function
The partition function is obtained from the vacuum persistence amplitude in the






A and J̄ = J‡C0 . (5.12)
For the non-Hermitian theory, this vacuum persistence amplitude is
Z[J, J̄] = h0̄(+•)|0( •)iJ,J̄ , (5.13)
where the state h0̄| is the C 0PT conjugate of the vacuum state. The path integral is
developed in the usual way, except that one must insert complete sets of eigenstates
of the Heisenberg-picture field operator X and its C 0PT conjugate X̄ (rather than
its Hermitian conjugate) at all intermediate times. In this way, one arrives at the









J̄ X + X̄J
 ◆
, (5.14)





course, having established the correct form for the partition function, one could
rewrite it in terms of the original PT -conjugate variables F and F‡ by making the
change of variables and accounting for the functional Jacobian, which is non-trivial
but field independent.
The partition function (5.14) can be expanded around the free part
Z[J, J̄] =
Z
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where D 1 = diag( ∂ 2 +M2+, ∂ 2 +M2 ) in Euclidean signature and P ⌘ X 
DJ = (p1 ,p2)T. One can see that the perturbative structure is the usual one, com-
prising well-defined Gaussian integrals at each order.
5.1.3 One-loop 1PI Effective Action
There is an unambiguous definition of the classical saddle point (X0, X̄0) for the















where the index 0 indicates evaluation at the configuration (X0, X̄0). Expanding the
partition function up to quadratic order around the saddle point, we obtain for the
one-loop partition function
Z(1)[J, J̄] = exp
"



























































where S(2)E is the functional Hessian matrix (in field space) of the Euclidean ac-
tion and STr indicates the trace over both coordinate and field spaces. In order to
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which, from equation (5.17), is

















= X0 + quantum corrections . (5.19)
G(1) is then defined after inverting the relation (5.18) to express J̄ as a functional of
Xc:













were the index c indicates evaluation in the background field configuration. The
one-loop 1PI effective potential is obtained for a constant configuration Xc and is
then given by







where V (4) is the spacetime volume. After a rotation to the original basis, which
does not affect the trace, we finally obtain








After deriving the one-loop 1PI effective action, we are able to discuss the running
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Substituting this potential into equation (5.22) leads to the following one-loop run-












































l (1) =l   1
16p2
⇣
4l 2 +2a2 +2l (g1 +g2) 3
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b 21 +b 22
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where m is a typical mass scale of the system, i 6= j, and finite terms are omitted.
5.1.5 Hermitian Fixed Point
We assume here that the non-Hermitian interactions are switched off (bi = 0) and
the only source of non-Hermiticity is the mass parameter µ2. Quantum corrections
modify this mass parameter, and we need to check that the condition (5.2), which
delineates the phase of unbroken PT -symmetry, remains valid at one loop. For a
fixed set of dressed parameters, the one-loop running of the parameter h is
h(L) =
     









We recall that, for the PT -symmetry to be unbroken, the following requirement
needs to be satisfied for all values of L:
h(L) < 1 . (5.26)
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If g(1)1 6= g
(1)
2 , we can see that h(L)! 0 when L!•, such that the theory converges
to a Hermitian limit, which thus appears as a UV fixed point.
5.2 Beyond tree-level Calculations
In this subsection, we use the procedure we just outlined to calculate path integrals,
to explicitly do some beyond tree-level calculations. Firstly, we calculate the Gold-
stone modes at the one-loop level. After this, we use the path integral description
to make sure that the gauge field we introduced in Section 4.2.2 remains real after
including quantum correction.
5.2.1 The Goldstone Mode to one-loop Order
Previously in Chapter 4, we have shown that the Goldstone theorem still holds for
our non-Hermitian Quantum Field Theory. We derived the spectrum for the La-
grangian





after spontaneous symmetry breaking, at tree-level. We can now use the equation
(5.22) to derive the eigenmodes at the one-loop order. The full tree-level potential
is given in terms of the fields f̂1 and f̂2 as
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As discussed before, the linear terms in the potential are a consequence of the non-
Hermitian nature of the system. At the one-loop level, these couplings are obtained
by substituting this potential into equation (5.22) and are given by


















+ O (ln(L/m)) , (5.30d)
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so that the one-loop potential in terms of f̂1, f̂2 becomes

































































To show the existence of the Goldstone mode to one-loop order, we should express
the fields in terms of fluctuations around the new shifted vacuum. From this, we can


















where v1,v2 were defined in equation (4.6). Expressing the one-loop potential in









































 µ2 0 m22 0













+ · · · .
(5.35)
The mass matrix again has determinant zero, showing that we still have a Goldstone
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We see that the one-loop Goldstone mode is related to the Goldstone mode at tree
level; the one-loop mode is obtained from the tree-level one simply by making the





5.2.2 Reality of the Background Gauge Field
When we gauge our non-Hermitian scalar Lagrangian, we want to make sure that
the gauge field remains real after taking quantum corrections into account. We do
this by using the Euclidean partition function Z. This partition function must be
C
0
PT -symmetric, as discussed previously, and is defined as
Z =
Z










JaAa + c̄ ·X+ X̄ · c
◆
, (5.37)
where c and c̄ are the sources for the scalar fields X and X̄ and Ja the source for







For Aab to be real, it is enough to find a condition for the Euclidean partition function
to be real, although the Euclidean action SE has an imaginary part, which is opposite
in sign to ImS, given by
ImS = iµ2
Z
d4x(f⇤1 f2 y⇤2 f1) . (5.39)
This condition can be achieved by choosing the transformation of the sources ck








































which, after the change of variable F! P F, leads to
Z?=
Z


















Imposing Z? = Z implies then that c̄ = (Pc)†. As a consequence, PT symmetry
ensures that the gauge field remains real after quantum corrections, even though it
is coupled to a non-Hermitian scalar sector.
Finally, one can also conclude from the reality of the partition function that
physical observables depend on µ4 only. Indeed, for Z to be real, the imaginary
part of the action, cf. equation (5.39), must contribute to the calculation of Z with
even powers, and thus with (±µ2)2. This property, predicted at the tree-level can,
therefore, be extended to the full quantum system.
5.3 Conclusion
In this section, we discussed the path integral description of our non-Hermitian
PT -symmetric system. To define a consistent path integral definition, we need
to make sure we integrate over C 0PT -conjugate variables instead of Hermitian
conjugate variables. This makes physical sense since we should expect the partition
function Z of a C 0PT -symmetric system to also be C 0PT -symmetric. This
procedure enables us to consistently define the 1PI effective action of our theory
and show how the couplings of our non-Hermitian, PT -symmetric Lagrangian
run for a general PT -symmetric quartic interaction. This procedure shows us that
the non-Hermitian mass coupling grows because of the non-Hermitian quartic inter-
action couplings in the UV limit. When we consider a case where the interactions
are Hermitian, our theory has a Hermitian UV fixed point.
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Next we are able to put this procedure to the test. We use the one-loop 1PI
effective action to calculate the eigenmasses squared for a potential given by (5.28).
This allows us again to confirm the existence of the Goldstone mode and calculate
its explicitly at one-loop. Secondly, we check that after coupling our scalar model
to a vector field after gauging our model, the vector field remains real even when we
take quantum correction into account. It turns out that the reality of the gauge field
and the partition function is assured if we derive the correct C 0PT transformation
properties for the scalar source fields. It turns out that the definition of the partition
functions is consistent and we are able to confirm the existence of the Nambu-




We previously discussed U(1) gauge invariance for our non-Hermitian system.
There we described how this local symmetry requires the existence of a U(1) gauge
field. Next, we want to study how to include SU(2) gauge fields into our system
and consistently impose SU(2) gauge invariance. For the fields in Lagrangian (4.2)
to transform under a SU(2) transformations, we will upgrade these scalar fields fi
into scalar doublets of the form Fi. Doing so, we naturally end up with a two-
Higgs-doublet model.
As was the case for the Abelian gauge symmetry, we need to couple the
gauge fields to non-conserved currents to obtain consistent equations of motion.
To achieve consistent Maxwell equations, we will again have to impose gauge
restrictions. The explicit form of these restrictions are found by using the BRST
symmetry of our system. After having derived a consistent U(1)⇥ SU(2) invari-
ant theory, we discuss the Englert-Brout-Higgs mechanism for our non-Hermitian
two-Higgs-doublet model. We then derive both the scalar mass spectrum and the
gauge mass spectrum and compare these results to those obtained by a Hermitian
two-Higgs-doublet model. We show that the masses we get, all depend on µ4. This
supports the consistency of the defenition the equations of motion as we discussed
in section (3.1.2).
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This Chapter has the following outline. Firstly, we discuss the Hermitian two-
Higgs-doublet model with a Hermitian doublet mixing term. We derive the physical
spectrum for this theory, and find that the system consists out of three massless
Goldstone field, two charged Higgs bosons and three neutral Higgs bosons. After
this, we consider a non-Hermitian two-Higgs-doublet model with an anti-Hermitian
doublet mixing term. We discuss how to consistently gauge this model and derive
the spectrum of this model. Similar to the Hermitian model, we find a charged and a
neutral Goldstone field and two charged and three neutral Higgs bosons. Finally, we
compare the spectrum of both of these models. From this we see that the spectrum
differs significantly. It is however clear that this non-Hermitian model serves as an
analytic continuation of the Hermitian model. In this chapter, we follow work as
outlined in [81].
6.1 Hermitian Two-Higgs-doublet Model
The Higgs sector of the Standard Model Lagrangian before symetry breaking [82],
[83] is given by
L = [DaF]† DaF+m2|F|2 l |F|4 , (6.1)
where F is a complex doublet and Da an appropriate covariant derivative. We can
consider a straightforward extension to the Standard Model by including extra scalar
fields. These models are known as multi-Higgs-doublet models (2HDM) and are
studied in works such as [60, 84]. We are mostly interested in two-Higgs-doublet
models [59, 61, 62].
We have discussed gauge invariance for an Abelian transformation of the form
fi (x)! e i f (x)fi (x) , (6.2)
for our non-Hermitian system with two complex scalar fields. As a next step, we
want to discuss non-Abelian U(1)⇥SU(2) gauge invariance in our non-Hermitian
system. In doing so, we upgrade our scalar fields to doublets and naturally obtain
6.1. Hermitian Two-Higgs-doublet Model 98
a non-Hermitian two-Higgs-doublet model. Before we start discussing this model,
we look into a Hermitian two-Higgs-doublet model and its features.
We discuss a two-Higgs-doublet model as described in works such as [59, 61,
62]. Remark that in this section, we are only interested in the scalar sector and thus




g(u)i j yLiF1uR j +g
(d)
i j yLiF2dR j
⌘
, (6.3)
that couples the Higgs bosons and the quarks or the covariant derivatives that cou-
ples the scalar fields to the gauge fields. The most general scalar two-Higgs-doublet
model has 14 parameters. In most models, these parameters are reduced by assum-






































This potential consists out of a U(1)⇥ SU(2) invariant, C P even and even under








Remark that for the potential (6.4) the couplings m21,m
2
2 can be taken to be nega-
tive, so that one can define a non-trivial vacuum expectation value. Such a vacuum
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expectation value can be writen in the form
hf3i= v1 , hf7i= v2 , (6.7)
hf1i= hf2i= hf4i=hf5i= hf6i= hf8i= 0 .
Note that this form is uniquely defined up to a U(1)⇥ SU(2) transformation. The



















where kT ⌘ (k3 +k4 +k5). We are then able to express the system in terms of
























v22 (k4 +k5) 0 0 0
0 v22 (k4 +k5) 0 0
0 0  k1v21 0




N12 = N21 = v1v2
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k4 +k5 0 0 0
0 k4 +k5 0 0
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v21 (k4 +k5) 0 0 0
0 v21 (k4 +k5) 0 0
0 0  k2v22 0
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v2 +r2 + iy2
1
A , (6.12)




= f i and ri and yi are

















































Here a is the mixing angle between the neutral states r1 and r2, while b is the angle
between the charged states f+1 ,f
+
2 . We will discuss these angles and their values
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in more detail, when we compare this model to a non-Hermitian two-Higgs-doublet
model. The system has three massless Goldstone fields G,G+,G , while the other
fields all have non-zero masses. From this, we can see that after spontaneous sym-
metry breaking of our system, we end up with two charged Higgs bosons H+, H 
and three neutral Higgs bosons H,h,D.
6.2 Non-Hermitian Two-Higgs Doublet Model
In the previous section we discussed the Hermitian 2HDM system where the
Higgs potential was given by equation (6.4). We have already formulated a PT -
symmetric Quantum Field Theory Lagrangian of the form
L = ∂ af⇤1 ∂ af1 +∂ af⇤2 ∂af2 m21|f1|2 m22|f2|2 µ2 (f⇤1 f2 f⇤2 f1) Uint ,
(6.14)
that was later made gauge invariant under an Abelian gauge symmetry. We saw
that in order to obtain consistent equations of motion for this system, the gauge
field should couple to a non-conserved current. We want to further develop the
formulation of PT -symmetric gauge theories by including a non-Abelian gauge
symmetry and Kibble’s non-Abelian generalisation [85] of the Englert-Brout-Higgs
mechanism.
We study a minimal extension of the model that was previously discussed. This
model contains two complex scalar doublets and possesses a U(1)⇥ SU(2) gauge
symmetry as the Standard Model. In this way we naturally develop a non-Hermitian
two-Higgs-doublet model similar to the one discussed in equation (6.4) but with an














We show for this system how the gauge should be fixed consistently by using
Becchi-Rouet-Stora-Tyutin (BRST) invariance [86, 87]. After this, we can obtain
consistent equations of motion and derive the spectrum of our theory. We then
discuss the eigenmasses of this system and compare those to a Hermitian model,
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similar to the system with potential (6.4) in the limit k1 ! k, k2,k3,k4,k5 ! 0.
We show that there is a significant difference between the two models, thus, this
non-Hermitian model offers experimental prospects that might be discussed in later
works.
6.2.1 Scalar Lagrangian



















A , i = 1,2 . (6.16)
The µ2 terms in this Lagrangian correspond to the anti-Hermitian contribution to
our theory. We will follow a similar method to gauge this system as previously
outlined in Chapter 4.
6.2.1.1 Eigenvalues
This system (6.15) is invariant under the PT -symmetry, acting on the c-number
fields as
PT : F1(t,x)!F01( t, x) = F⇤1(t,x) , (6.17)
F2(t,x)!F02( t, x) = F⇤2(t,x) ,
under which F1 acts as a scalar doublet whereas F2 acts as a pseudoscalar doublet.
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are real provided the following inequality holds:
2|µ2| |m21 m22| . (6.19)
We assume for now that m21,m
2
2 > 0 until we derive non-trivial vacuum expectation
values. Until then the condition (6.19) should be satisfied for the energies to be real.
Note that the eigenvalues become degenerate at |µ2|= |m21 m22|/2. This marks the
exceptional point, which lies at the boundary between the regions of unbroken and
broken PT symmetry. At this point, the squared mass matrix becomes defective
and we lose an eigendirection. We will discuss the exceptional points in more detail
in Section 6.2.3.4. Similar as discussed previously, the equations of motion are




















  = 0 .
(6.20)
Because the non-Hermitian mass term is proportional to µ2, these different equa-
tions of motion are not equivalent for non-trivial solutions. As discussed before,
since the eigenvalues (6.18) depend on µ4 only, we can see that these two sets of
equations of motion are physically equivalent. In this work, we choose here the
equations of motion provided by the variation of the action with respect to F†i :




0 =⇤F2 +m22F2 µ2F1 , (6.21b)












As discussed before, this formulation differs from that suggested in [58], where
the author introduces a similarity transformation that transforms the non-Hermitian
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Lagrangian L to a Hermitian one L 0. The difference in approach will be reflected
in differences in the masses of the gauge fields, which we already partially discussed
in Chapter 4.
6.2.1.2 Conserved Currents
The Lagrangian (6.15) is invariant under the global U(1) transformations
F1 ! e i
g0
2 b0F1 , (6.23a)
F2 ! e i
g0
2 b0F2 , (6.23b)




































~b ·~tF2 , (6.25b)





























where~t = (t1,t2,t3) is composed of the Pauli matrices.
As is the case for a general non-Hemritian system, the equations of motion















except at the Hermitian point µ2 = 0. In this model, the conserved currents are, in


























































which correspond to the following transformations:
F1 ! e i
g0
2 b0F1 , (6.29a)
F2 ! e+i
g0









~b ·~tF2 . (6.30b)
The relative sign between the charge assignments of the two fields reflects the usual
interpretation of viable PT -symmetric theories as systems with coupled gain and
loss.
6.2.2 Gauging the Scalar Model
Since the conserved currents do not correspond to the usual Noether currents, gaug-
ing the model (6.15) is again a non-trivial matter. In order to do this, we will need
to include the covariant derivatives.
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6.2.2.1 Coupling to the Noether Currents
We introduce an Abelian U(1) gauge field Ba and an SU(2) gauge field ~W a , to-






~b ·~tFi , (6.31a)
~W a ! ~W a +g
⇣
~b ⇥ ~W a
⌘
+∂ a~b = ~W a +Da~b , (6.31b)
Ba ! Ba +∂ ab0 , (6.31c)
here Da~b ⌘ ∂ a~b  g(~W a⇥~b ). Taking into account the results we obtained for the
Abilean gauge field in Chapter 4, the gauge fields should couple to the currents Ia+
and ~Ja+, such that the scalar kinetic terms are given by















































where Da is given by the usual minimal-coupling prescription, i.e.,







~t · ~W a
i
Fi . (6.33)
Similarly as one does in the Standard Model, one can now introduce new gauge
field variables by rotating the fields as
Ba = cosqWAa   sinqWZa , (6.34)
W a1 =
W a +W a†p
2
, W a3 = sinqWAa + cosqWZa , W a2 = i
W a  W a†p
2
,
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  [∂a + ig(sinqWAa + cosqWZa)]Wb , (6.37c)
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6.2.2.2 Consistent Field Equations
The gauge fields couple to currents that are non-conserved. As was the case for
the Abelian symetry, aditional terms need to be added to have consistent Maxwell
equations. To achieve this, it should be enough to add the usual gauge fixing terms
for non-Abelian gauge theories

















∂ ah3 + ig
h





(∂aAa)2 +(∂aZa)2 +2|∂aW a |2
i
,
where ~h and ~h are the ghost fields and
c̄ ⌘ h̄1  ih̄2p
2
, c ⌘ h1  ih2p
2
. (6.39)
Remark that in this case these terms need to be added to the classical equations of
motion and not just at the Quantum level to consistently define the path integral .
The equations of motion for the full Lagrangian are then given by




0 = DaDaF2 +m22F2 µ2F1 , (6.40b)
0 = Db ~W 0
ba
+ ~J a+  
1
x





0 = ∂b Bba +I a+  
1
x
∂ a∂ b Bb , (6.40d)
0 = ∂aDa~h , (6.40e)
0 = Da∂ a~̄h , (6.40f)
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From the equations of motion (6.40) one can derive the current divergence, which
leads to the constraints
1
x






 g∂ a~̄h⇥Da~h , (6.42a)
1
x







which must be satisfied in order for the field equations to be consistent. We will
later show that the BRST symmetry allows one to write the latter constraints inde-
pendently of the ghost fields, as
1
x


















We can summarise our approach as follows. In order to respect gauge invariance, we
need to couple the gauge fields to non-conserved currents. However, in order to still
have consistent Maxwell equations, we need to introduce gauge-fixing terms, which
restrict gauge invariance, but imply consistent field equations. The residual gauge
invariance is enough to ensure that gauge fields remain massless in the absence of
spontaneous symmetry breaking (SSB), and it is defined by the gauge functions
b0,~b satisfying
∂aDa~b = 0 , (6.44a)
⇤b0 = 0 . (6.44b)
6.2. Non-Hermitian Two-Higgs Doublet Model 110
We therefore obtain a consistent gauge theory with a non-Hermitian scalar sector,
as we did in the Abelian case.
6.2.2.3 BRST Transformation
The constraints in equation (6.43) for ~Wa are derived form the BRST symmetries
of our gauge fixed Lagrangian. This symmetry is defined after introducing the aux-
iliary field ~T to rewrite the gauge-fixing Lagrangian (6.38) in the alternative form
LGF = ∂a~̄h ·Da~h +
x
2




and the original Lagrangian (6.38) can be recovered after integrating out ~T . The




q (~t ·~h)fi , (6.46a)
d~W a = qDa~h , (6.46b)
dBa = 0 , (6.46c)
d~̄h =  q~T , (6.46d)
d~h = g
2
q (~h⇥~h) , (6.46e)
d~T = 0 , (6.46f)
where q is an infinitesimal Grassmann parameter. The gauge-invariant terms (6.32)
and (6.36) in the Lagrangian are trivial invariant under the BRST transformation,
and the gauge-fixing Lagrangian (6.45) transforms as a total derivative, so the ac-
tion is invariant under this BRST transformation. Using the auxiliary field ~T , the
equation of motion (6.40c) for the gauge field ~W a can be written in the form
0 = Db ~W 0
ba





and a covariant derivative leads to






 g∂ a~̄h⇥Da~h . (6.48)
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Da∂ a~T = g∂a~̄h⇥Da~h , (6.50)














∂a~W a , (6.52)
one finally obtains the expected constraint
1
x









which, unlike equation (6.42a), is independent of the ghost fields. For further dis-
cussions of BRST (and anti-BRST) symmetries in the context of non-Hermitian
field theories, see [89].
6.2.3 Spontaneous Symmetry Breaking
The Lagrangian we discussed in equation (6.15) does not have a non-trivial vac-
uum expectation value since the masses m21,m
2
2 > 0. In what follows, we change
the sign of m21 to allow for spontaneous symmetry breaking (SSB) and discuss the
expectation values and vector masses.
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6.2.3.1 Vacuum Expectation Value
With this change of sign, the Lagrangian (6.15) has a symmetry-breaking vacuum











which, according to equation (6.54a), is physical as long as
m21m
2
2 > µ4 . (6.55)
Remark that the condition (6.19) no longer applies here, since the sign of m21 has
changed. The spectrum of this theory must be determined after symmetry breaking,
and thus the condition that ensures the reality of eigenmasses will be determined
then.
The vacuum is defined up to a U(1)⇥SU(2) transformation, and it is again choosen











































AhFii= hFii , (6.58)
such that the Abelian subgroup of U(1)⇥ SU(2) generated by s = I+ t3 re-
mains unbroken. This subgroup corresponds to the electromagnetic interaction,



























From equation (6.35), we see that the gauge field Aµ should couple to the current
Ia+ cosqW + Ja+,3 sinqW, which can be identified with the current (6.59) if
e = g0 cosqW = gsinqW . (6.60)
The U(1)EM charge is conserved at the tree-level, although the Noether current is
generally not conserved. Exploration of the possibility of charge non-conservation
beyond the tree level lies beyond the scope of this work. Its existence and observ-
ability would in principle depend upon the completion of the bosonic model con-
sidered here to include fermions, which is also a topic for future work. We can then
















































vi +ri + iyi
1
A , (6.62a)








We note that the terms linear in fluctuations are a consequence of the non-Hermitian
nature of the system. However as we discussed before, they do not play a role in
the equations of motion dS/d F̂†i ⌘ 0, since these therms depend on F̂i only. The
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0 =⇤F̂2 +m22F̂2 µ2F̂1 . (6.63b)













(v1y1  v2y2) . (6.64b)
The remaining fields consist of a charged field and three neutral fields. The charged














(v2y1  v1y2) , (6.66)








Finally, we can express the last two neutral fields as
H =r1 cosha r2 sinha , (6.68a)
h =r1 sinha r2 cosha , (6.68b)






















































l =k cosh4 b , (6.71a)
l̂ =k
2
sinh2b cosh2 b . (6.71b)
It is not obvious that M2 is positive or that M2H and M
2
h are real, and we derive the
corresponding conditions on µ2 for this to be the case in the next Section.
For this PT -symmetric theory, the eigenmodes of this non-Hermitian Hamiltonian
are orthogonal with respect to the C 0PT inner product









and the fields G±, G, H±, D, H and h are normalized accordingly. These eigen-
modes are non-trivial linear combinations of the scalar components of F1 and the
pseudoscalar components of F2 and, as such, they cannot be eigenstates of P .
We remark that the C 0PT norm used for the modes G, G±, D and H± in
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equation (6.64), (6.65) and (6.66) diverges when µ2 = ±m22 (v21 = v22). At this point
— the zero exceptional point described in [80] — we lose three eigendirections:












|a|! • and the PT norm of h and H in Eq. (6.68) diverges. In this case, we
lose one eigendirection: H µ h. We discuss this exceptional point further in Sub-
section 6.2.3.4.
6.2.3.2 Conditions on µ2
Ensuring that we are in a physical regime of spontaneous symmetry breaking leads
to a number of constraints on the parameter µ2:
I In order for the symmetry to be broken [see equation (6.54)], we require that
µ4 < m21m22 . (6.74)
II In order to ensure that the squared mass M2, defined in equation (6.67), re-
mains positive, we require that
µ4 < m42 . (6.75)
III In order for the squared masses M2h and M
2
H , defined in equation (6.69), to be














the squared mass ma-
trix cannot be brought to a Hermitian form by a similarity transformation [58].
These constraints on the parameter µ4 are plotted in figure 6.1. The un-
shaded regions correspond to values of µ4 consistent with a physical spontaneous
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symmetry-breaking phase, satisfying all of the previously mentioned conditions.
The various constraints on µ4 can be summarised as follows:
• If m22 <
m21
3 then µ








1 then µ4 < Th (Condition III);




1 then µ4 < Th (Condition III) or TH < µ4 < m21m22 (Condi-
tions I and III);
• If 3m21 < m
2
2 then µ4 < m21m22 (Condition I).
























Figure 6.1: The excluded regions for the parameter µ4, corresponding to the constraints I,
II and III, plotted as functions of m22/m
2
1. Region I corresponds to the symmetric
phase of the U(1)⇥ SU(1) symmetry [see equation (6.74)]. Region II corre-
sponds to the broken phase of PT symmetry [see equation (6.75)] in which
M2 is negative. Region III corresponds to the broken phase of PT symme-
try in which M2h and M
2
H are complex [see equation (6.76)]. The unshaded
region corresponds to a physical SSB phase for the U(1)⇥ SU(2) symmetry.
For m22/m
2





1, the allowed region is determined by conditions I and III.
Lastly, in the region m22 > 3m
2
1, the allowed region is determined only by con-
dition III. At the point A, all the conditions become equivalent.
6.2.3.3 Equations of Motion after SSB
After expressing the full Lagrangian in terms of fluctuations around the vevs, as was
done in equation (6.62), we can now express the equations of motion after symmetry
6.2. Non-Hermitian Two-Higgs Doublet Model 118




, Ka+ ⌘ Ja+,3 cosqW  Ia+ sinqW , (6.77)
and
s ⌘ I+ t3 , w ⌘










the equations of motion read as follows:
Scalar fields











































V2 +m22F̂2 µ2F̂1 ; (6.79b)
Za gauge field















Za  Ka+ + igcosqW
⇣
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Aa gauge field








∂ a∂ b Ab (6.81)
 Qa + igsinqW
⇣































W a gauge fields







































F̂it+F̂i +V †i t+F̂i
⌘
.







= cosqWMZ and MA = 0 , (6.83)
as in the Hermitian Standard Model.
6.2.3.4 Comments on the Exceptional Points
At the zero exceptional points µ2 = ±m22, the vevs become
v21 = v
2
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1 6= m22, though, the gauge
boson masses at the exceptional points are
M2W = g
2v2 = cos2 qWM2Z 6= 0 , (6.85)
remaining physical and non-zero.
In order to make sense of this, in spite of the divergence of the C 0PT norm and
the apparent non-normalisability of the Goldstone modes (see equation (6.64)), it is
helpful to reconsider the behaviour of the non-Hermitian theory at the exceptional
point. As an example, let us consider the 2⇥ 2 squared mass matrix of the non-









For m21 > m
2



















(not to be confused with the ghost field appearing earlier). The eigenvectors are not
orthogonal with respect to the usual Hermitian inner product:
e⇤+ · e  = 2N2h(1 
p
1 h2) , (6.89)
except in the Hermitian limit µ ! 0 (h ! 0). They are, however, orthogonal with
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The exceptional point of this mass matrix occurs when h ! 1, at which point the
normalisation of the eigenvectors diverges (see figure 3.1). This signals that the















and we lose an eigenvector. In fact, we see that in the limit h ! 1 the eigenvectors
e+ and e  become parallel to one another (see also figure 3.1) However, the issue
of the non-orthogonality of these eigenvectors is then moot, and we can normalise





In other words, at the exceptional point, the system behaves like a Hermitian theory
with one fewer degree of freedom.
Returning to the case of spontaneously-broken gauge symmetries at the zero
exceptional points, the explanation for the non-vanishing masses of the gauge
bosons is that the Goldstone modes must be normalised with respect to Hermitian
conjugation and not PT conjugation (which has become ill-defined). The discon-
tinuity in the behaviour of the system as we approach exceptional points means that
we must treat these particular points separately in parameter space.
Thus, our conclusion is that it is possible to give masses to gauge bosons in
a gauge-invariant way through SSB also for non-Hermitian theories, even at the
exceptional points. At these points, however, the counting of eigendirections must
allow for the fact that the Hamiltonian has become defective.
We note that different results were derived in [58, 90, 91], which is based on
an alternative interpretation of a similar version of this non-Hermitian theory, and
where the gauge boson masses are zero at the zero exceptional point. The difference
in our results can be traced back to differing interpretations of the complex conju-
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gate: we take complex conjugation to act linearly on the fields, whereas in [58] it
is taken to act antilinearly on one of the fields (as motivated by a similarity trans-
formation to a Hermitian theory). This has the effect of interchanging v22! v22 in
the expression for the gauge boson masses, such that they then vanish at the zero
exceptional point when v21 = v
2
2. It is then argued that this is consistent with the
fact that the Goldstone modes cannot be normalised with respect to the PT norm,
which diverges at exceptional points, and these modes, therefore, cannot be “eaten”
by the gauge field. This then leads [58] to conclude that it is possible to break the
gauge symmetry of a non-Hermitian model spontaneously without giving a mass to
the gauge bosons. Our conclusion is the opposite: the gauge boson remains mas-
sive in the symmetry-broken phase, even at the zero exceptional point. Remark that
this mirrors the difference in the masses for the U(1) gauge fields as discussed in
Chapter 4.3.2
6.2.4 Masses in the Non-Hermitian Model Compared with the
Hermitian Model
We discuss the dependencies of the scalar and vector masses in the non-Hermitian
2HDM on the non-Hermitian mixing parameter µ2. These dependencies are shown
in figures 6.2 and 6.3 for the scalar and vector bosons, respectively, wherein we
have introduced the notation bH(h) ⌘ TH(h)/m42.
Additionally, we compare these masses to those of a similar system like the one
discussed in Section 6.1. For this model, we plot the dependence of the scalar and
vector masses on the Hermitian mixing parameter m212.
We note the following features from each panel of figure 6.2:
• In the region m21 > 3m
2
2, the mass M
2 goes to zero at the exceptional point
µ2 = m22. If µ2 were to become larger then m22 then M2 would become nega-
tive, and we would enter the phase of broken PT symmetry.








h become equal at the
point tanh2 b = bh. For larger values of µ2, both M2H and M2h would become
complex.
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h become equal at the point
tanh2 b = bh or tanh2 b = bH . Between these points, M2H and M2h become
complex. When tanh2 b > m21/m22, the mass M2H becomes negative. The un-
shaded regions correspond to physical masses.
• For m22 > 3m
2






















































Figure 6.2: The masses of the physical scalar bosons as functions of tanh2 b in different
parameter regions. Unphysical parameter regions are shaded grey. The upper
left panel shows the region where m21 > 3m
2
2, the upper right panel shows the
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We note in the lower right panel of figure 6.3 that the gauge-boson masses vanish at























































Figure 6.3: The masses of the charged and neutral gauge bosons as functions of tanh2 b in
the same parameter regions as in Fig. 6.2. Unphysical parameter regions are
shaded grey.
The masses of the PT -symmetric non-Hermitian model can be compared to
those of the Hermitian 2HDM Lagrangian we discussed in section 6.1 after we take
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After expressing the Lagrangian in terms of the shifted field F̂i where





vHi +ri + iyi
1
A , (6.96a)








we can calculate the eigenvalues. As in the non-Hermitian model, the massless




















vH1 y1 + vH2 y2
 
. (6.97b)
The normalisations of the eigenmodes should be compared with those in equation
(6.64). We remark that this Hermitian model is not PT symmetric if F1 and F2
transform as a scalar and a pseudoscalar, respectively. It is, however, PT sym-
metric if both F1 and F2 transform as scalars or pseudoscalars, and the Hermitian
and PT norms coincide, as is expected for a Hermitian, PT -symmetric theory.
The remaining massive fields include a charged scalar, a neutral pseudoscalar
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vH2 y1  vH1 y2
 
, (6.99)









Lastly, we can express the neutral scalar boson fields as
H =  r1 cosa r2 sina , (6.101a)
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and
l = k cos4 b , (6.104a)
l̂ = k
2
sin2b cos2 b . (6.104b)
The squared masses for this Hermitian model are plotted in figure 6.4 in the param-
eter ranges 2m21 > m
2




2 (right panel). We see that the mass
spectra are completely different from the non-Hermitian, PT -symmetric case, of-
fering distinctive phenomenological possibilities.
Before concluding, we remark that, by comparing the expressions above with
those in Subsection 6.2.3.1, we can see that the non-Hermitian 2HDM that we have
considered in this work is an analytic continuation of the Hermitian 2HDM, ob-
tained by taking m412 !  µ4. In other words, the Hermitian 2HDM lies in the
fourth quadrant of the (m22/m
2























Figure 6.4: The masses of the scalar fields in the Hermitian two-Higgs-doublet model as




In this section, we discussed non-Abelian spontaneous symmetry breaking for
our non-Hermitian model. For the field of our system to transform under the
non-Abelian SU(2) transformation, we will upgrade the complex scalar fields
fi (i = 1,2) to complex scalar doublets Fi.
We start this section by discussing a Hermitian two-Higgs-doublet model






. We calculated the
mass spectrum for this system explicitly and their corresponding eigenvectors. We
showed that this model possesses a charged and a neutral Goldstone boson and two
charged and three neutral Higgs bosons.
Lastly, we discuss a non-Hermitian two-Higgs-doublet model. To consistently
gauge this Lagrangian, we need to introduce covariant derivatives. This is done in
such a way that couples the gauge fields to non-conserved currents. Because these
are not conserved, gauge fixing terms need to be introduced in the Lagrangian.
We derived the gauge restrictions explicitly by utilising the BRST symmetry of the
gauge fixed system. After having obtained a consistent U(1)⇥ SU(2) gauged the-
ory, we calculated the spectrum after spontaneous symmetry breaking. Afterwards,
we are able to derive the physical region in parameter space. We are then able to
examine our system at its critical limits of this region. We find for our model, that at
this critical limit the Englert-Brout-Higgs mechanism still holds and the gauge fields
remain massive. Lastly, we compare the masses of this non-Hermitian 2HDM with
a Hermitian 2HDM. We see how the mass spectrums of these two theories differ
from each other. From this spectrum, it follows that we can see our non-Hermitian
model as an analytic continuation of the Hermitian one.
Chapter 7
General Conclusions
In this thesis, we discussed how to consistently construct a non-Hermitian Quan-
tum Field Theory. We propose a non-Hermitian extension to the Higgs sector in
our Standard Model. The construction of this model is especially non-trivial for the
equations of motion, formulation of conserved currents and gauge invariance. We
formulate consistent methods to deal with these problems.
We will here summarise our main finding and briefly discuss possible further works.
In Chapter 3, we introduced a non-Hermitian scalar field Lagrangian consisting
of two complex scalar fields. We have shown that this system is PT -symmetric,
and the spectrum is real within a particular region. Inside this region, our system
possesses unbroken-PT symmetry. Because of the non-Hermitian nature of this
system, minimising the action to find consistent equations of motion is not trivial.
Where the classical equations of motion typically are found by varying the action
with respect to the field and their complex conjugate, we now need to choose one
of these two options. Note that this approach differs from the one that was used in
works such as [58, 80, 90, 91] for similar systems. These different approaches do
lead to different physical results, as we saw in Chapter 4 and Chapter 6.
For our approach, a different choice in equations of motion will not lead to
different physical observables. This will, however, have repercussions when we
reexamine the connection between conserved currents and symmetries. Because
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these different choices in equations of motion cannot both simultaneously be satis-
fied, the normal Noether’s current of a symmetry is no longer conserved. Instead,
the conserved current corresponds to a transformation that changes the Lagrangian
is a specific way. Afterwards, we expressed the Lagrangian after spontaneous sym-
metry breaking and show that this system possesses a Nambu-Goldstone mode. So
we find that the Goldstone theorem still holds for our non-Hermitian system.
Then we also discuss local transformations and symmetries of this system in
Chapter 4. It turns out that in order to have a consistent polarisation tensor, the
gauge field should couple to a non-conserved current. This leads however to in-
consistent Maxwell equations. This problem can be resolved if we also introduce
gauge fixing terms into our Lagrangian. These gauge fixing terms must be added
at the classical level, and thus our system only possesses restricted gauge freedom.
Once the model has been successfully gauged, we have shown that the Englert-
Brout-Higgs for mass generalisation of the gauge boson still holds.
We moved on into Chapter 5 and discussed how the path integral should be
constructed. It turns out that when doing this, we need to make sure that we inte-
grate over C 0PT conjugate field variables and include C 0PT conjugate source
fields. We use this formalism to show the running of the couplings for our scalar
model using the one-loop 1PI effective action. Finally, we also calculate the Gold-
stone mode at the one-loop order and check the reality of gauge field after taking
quantum corrections into account.
In the final Chapter 6 we want to build upon the model introduced in Chapter
4 by also including SU(2) gauge fields. This way, we naturally end up with a non-
Hermitian two-Higgs-doublet model. We are then able to follow a similar method
as in Chapter 4 to gauge this model. We derived the conserved currents for this
gauged model. Similar as was the case for the Abelian gauge field, the non-Abelian
gauge fields must couple to non-conserved currents, and we need to introduce
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non-Abelian gauge fixing terms into our Lagrangian. These non-Abelian gauge
restrictions are then explicitly derived using the BRST symmetry of our gauge fixed
Lagrangian. Once we constructed this consistent model, we calculate the spectrum
after spontaneous symmetry breaking. Afterwards, we are able to find the physical
range in parameter space that allows for real energies. The critical points in this
space are of particular interest. At this critical point, the different eigenvectors
become parallel, and our model reverts to a Hermitian one. We show that in this
limit the gauge fields do still possess a non-zero mass. After having derived the
eigenmasses of this non-Hermitian two-Higgs-doublet model, we then compared
these to the eigenmasses of a Hermitian two-Higgs-doublet model. These two mod-
els posses different spectrums, and we can see that the non-Hermitian model is an
analytic continuation of the Hermitian model. An interesting difference between
our approach and the one followed in [58, 80, 90, 91], is that in these works the
Englert-Brout-Higgs fails at this critical point.
Remark that the non-Hermitian two-Higgs-doublet model we introduced has a
significant different mass spectrum compared to the Hermitian version. This opens
up new phenomenological perspectives that would prove interesting to study further.
In this work we laid the groundwork for Quantum Field Theory model building.
The model in this work naturlly introduces a P-odd pseudo-scalar. This might lead
itself to an interesting extionsion to the non-Abelian Higgs-Axion model.
It would also be interesting to expand this model by also including fermionic fields
and Yukawa interactions. Furthermore one can look into non-Hermitian extensions
of the Yukawa sector [49, 50, 92]. In the work [93] a non-Hermitian Quantum Field




The full bare potential is
























and the one-loop 1PI potential is given by
U (1) = U (0) +
1
2V (4)
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We have then that
1
p8












































































and substituting the potential (A.1) into this expression gives the one-loop correc-
tions (5.24).
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